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Perfect Sampling for (Atomic) Lovasz Local Lemma

Kun He* Xiaoming Sun' Kewen Wu?

Abstract

We give a Markov chain based perfect sampler for uniform sampling solutions of constraint
satisfaction problems (CSP). Under some mild Lovész local lemma conditions where each con-
straint of the CSP has a small number of forbidden local configurations, our algorithm is accu-
rate and efficient: it outputs a perfect uniform random solution and its expected running time
is quasilinear in the number of variables. Prior to our work, perfect samplers are only shown to
exist for CSPs under much more restrictive conditions (Guo, Jerrum, and Liu, JACM’19).

Our algorithm has two components:

e A simple perfect sampling algorithm using bounding chains (Huber, STOC’98; Haggstrom
and Nelander, Scandinavian Journal of Statistics’99).
This sampler is efficient if each variable domain is small.
e A simple but powerful state tensorization trick to reduce large domains to smaller ones.
This trick is a generalization of state compression (Feng, He, and Yin, STOC’21).
The crux of our analysis is a simple information percolation argument which allows us to achieve
bounds even beyond current best approximate samplers (Jain, Pham, and Vuong, ArXiv’21).

Previous related works either use intricate algorithms or need sophisticated analysis or even
both. Thus we view the simplicity of both our algorithm and analysis as a strength of our work.

1 Introduction

The constraint satisfaction problem (CSP) is one of the most important topics in computer science
(both theoretically and practically). A CSP is a collection of constraints defined on a set of variables,
and a solution to the CSP is an assignment of variables that satisfies all the constraints. For any
given CSP, it is natural to ask the following questions:

e DEcISION. Can we decide efficiently if the CSP has a solution?
e SEARCH. If the CSP is satisfiable, can we find a solution efficiently?
e SAMPLING. If we can efficiently find a solution, can we efficiently sample a uniform random

solution from the whole solution space?

These questions, each deepening one above, progressively enhance our understanding on the com-
putational complexity of CSPs. One can easily imagine the hardness of fully resolving these broad
questions. Thus, not surprisingly, despite enormous results centered around them, we only have
partial answers. Here we mention those related to our work.
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The Decision Problem. A fundamental criterion for the existence of solutions is given by the
famous Lovész local lemma (LLL) [EL75]. Interpreting the space of all possible assignments as a
probability space and the violation of each constraint as a bad event, the local lemma provides a
sufficient condition for the existence of an assignment to avoid all the bad events. This sufficient
condition, commonly referred to as the local lemma regime, is characterized in terms of the violation
probability of each constraint and the dependency relation among the constraints.

The Search Problem. The algorithmic LLL (also called constructive LLL) provides efficient
algorithms to find a solution in the local lemma regime. Plenty of works have been devoted to this
topic [Bec91, Alo91, MR98, CS00, Mos09, MT10, KM11, HSS11, HS17, HS19]. The Moser-Tardos
algorithm [MT10] is a milestone along this line: it finds a solution efficiently up to a sharp condition
known as the Shearer’s bound [She85, KM11].

The Sampling Problem. The sampling LLL asks for efficient algorithms to sample a uniform
random solution from all solutions in the local lemma regime. It serves as a standard toolkit for
the probabilistic inference problem in graphical models [Moil9], and has many applications in the
theory of computing, such as all-terminal network reliability [GJ1.19, GJ19, GH20]. With a better
understanding of the decision and search problem, much attention has been devoted to the sampling
LLL in recent years [GJL19, Moil9, GLLZ19, GGGY20, FGYZ20, FHY20, JPV20, JPV21]. Since
this is also our focus, we elaborate it in the next subsection.

1.1 Sampling Lovasz Local Lemma

To state the long list of results on sampling LLL, we need the following notations. Given a CSP, let
n be the number of variables, k be the maximum number of variables in each constraint, () be the
maximum number of values that each variable can take, A be the maximum constraint degree, p be
the maximum violation probability of a constraint, and N be the maximum number of forbidden
local configurations for each constraint. A constraint is called atomic if it only has one forbidden
local configuration. A CSP is called atomic if all of its constraints are atomic, i.e., N = 1.

For example in Boolean k-CNF formula, each constraint will depend on exactly k& Boolean
variables and thus Q = 2,p = 2%, N = 1. For hypergraph coloring, each vertex is allowed to
choose a color from {1,2,...,Q} and each edge contains exactly k vertices. The constraints require
no edge is monochromatic. Therefore N = @, p = Q'7*, and A equals the maximum edge degree
in the hypergraph. For general CSPs, each constraint may depend on different number of variables
and each variable may have different domain size.

The sampling LLL turns out to be computationally more challenging than the algorithmic LLL.
For example, for k-CNF the Moser-Tardos algorithm can efficiently find a solution if A < 2 where
2 informally hides lower order terms. However, it is intractable to approximately sample a uniform
solution if A > 2%/2 even when the formula is monotone [BGGT19)].

On the algorithmic side, most efforts are on the approximate sampling, where the output dis-
tribution is close to uniform under total variation distance. The breakthrough of Moitra [Moil9)]
shows k-CNF solutions can be sampled in time nPoY*2) if A < 2k/60  where they novelly use
the algorithmic LLL to mark/unmark variables and then convert the problem into solving linear
programs of size nP?Y(*2)  We remark that this algorithm is deterministic if we only need a mul-
tiplicative approximation of the number of solutions, which is another topic closely related with
approximate sampling [JVV86a]. Moitra’s method has been successfully applied to hypergraph



colorings [GLLZ19] and random CNF formulas [GGGY20].

Recently, a much faster algorithm for sampling solutions of k-CNF is given in [FGYZ20], which
implements a Markov chain on the assignments of the marked variables chosen via Moitra’s method.
The resulting sampling algorithm has a near linear running time O (n1.001) together with an im-

proved regime A < 28/20 where O hides poly(N, k, A, Q,log(n)). We also remark that this algo-
rithm is inherently randomized even if we move to approximate counting.

This nonadapive mark/unmark approach seems to only work for the Boolean variables, where
each variable has two possible values. To extend the approach to general CSPs, Feng, He, and
Yin [FHY20] introduced states compression, which considerably expands the applicability of the
method used in [FGYZ20]. Their sampling algorithm runs in time O (n*%!) if p/3%0 . A < 1/N.
This algorithm is limited to the special cases of CSPs where each constraint is violated by a small
number of local configurations (i.e., N is small).

Recently, Jain, Pham, and Vuong [JPV20], shaving the dependency on N, provides a sampling
algorithm with running time nP°Y(2:k:108(@) when p/7. A < 1. They revisit Moitra’s mark/unmark
framework and use it in an adaptive way. This is the first polynomial time algorithm (assuming
Ak,Q = O(1)) for general CSPs in local lemma regime. By a highly sophisticated information
percolation argument, they [JPV21] also prove that the sampling algorithm in [F'HY20] runs in
time O (n'%!) if p*142. A < 1/N.

Method k-CNF Hypergraph Coloring | General CSPs Time

[Moil9) A < 2k/60 POV (RA)
[GLLZ19] A < QF/6 npoly(kAlog(Q))
[FGYZ20] | A < 2k/20 O (n'001)
[FHY20] | A2V | A QM P30 A <1/N | O (n'0)
[JPV20] | AS2MT | ASQRT P/ A< nPoly(kA10g(Q))
[JPV?l] A SJ 20.175k A 5 Qk/3 p0.142 A SJ 1/N 6 (nl.OOI)

Table 1: Approximate sampling algorithms in the local lemma regime.

Table 1 summarizes the efficient regimes of these algorithms. We emphasize that all these sam-
pling results, via standard reductions [JVV8&6h, SVV09a], also imply efficient algorithms for (ran-
dom) approximate counting, which estimates the number of solutions within some multiplicative
error. In addition, for algorithms using Moitra’s linear programming approach [Moil9, GLLZ19,
GGGY20, JPV20], their approximate counting counterparts are deterministic. For the approaches
using Markov chains [FGYZ20, FHY20, JPV21], the running time of their approximate counting
counterparts is 5(m -T), where T is the running time of the corresponding approximate sampling
algorithm and m is the number of constraints.

Though much progress has been made for the approximate sampling, much less are known for
the perfect sampling. As far as we know, the only result on the perfect sampling in the local lemma
regime is due to Guo, Jerrum, and Liu [GJL19], which provides a perfect sampler for the extremal
CSPs where any two constraints sharing common variables cannot be violated simultaneously by
the same assignment. Though there are known reductions from approximate sampling/counting
to perfect sampling [JVV86D], it is unclear how to adopt them here considering the local lemma
conditions.

! [GGGY20] only provides an approximate counting algorithm for random CNF formulas. But with a close inspec-
tion, their algorithm can be turned to do approximate sampling. This follows from standard reductions and noticing
fixing bad variables (defined in [GGGY20]) does not influence their (deterministic) algorithm.



Meanwhile, perfect sampling is an important topic in theoretical computer science. Plenty of
works have been devoted to the study of perfect samplers [JVV8&6h, HN99, Hub98, Hub04, BC20,
JSS20, Fil97, FMMRO00, ACG12, FVY19]. Apart from its mathematical interest, one advantage of
perfect sampler over approximate sampler is that the quality of the output is never in question. In
contrast, some solution may never be outputted by an approximate sampler. Consider the following
simple example: Let D; and Ds be two distributions where D; is uniform over {1,2,...,n} and
Dy is uniform over {\/n+ 1,4/n+2,...,n}. Then the total variation distance between D; and Dy
is only 1/y/n = o(1). Thus Dy is considered a good approximation of D; while the last \/n items
are never sampled. This is indeed the case for [FGYZ20, FHY20, JPV21], and is undesirable if
the CSP is used for addressing social problems and the missing solutions are contributed by the
minority or the underrepresented. Besides the potential drawback in social fairness, this also leads
to the following reasonable worry: is it possible that some solution is inherently harder to find than
others. Fortunately our work shows this is not the case.

Perfect sampling is also advantageous for practical purposes and heuristic algorithms. To per-
form a sampling task, Markov chain is arguably the most common approach. By the convergence
theorem for Markov chains [LP17], it is usually easy to show the chain mixes to the desired distri-
bution almost surely. However to provide a good bound for the mixing time is in general a difficult
task. On the other hand, if the mixing time is unknown or poorly analyzed, it is not sure when
to stop the chain so the output distribution is close enough to the desired one. However given the
Markov chain, there are known techniques, like coupling from the past [PW96], to convert it into
a perfect sampler, which always gives desired distribution when it stops even if we may not know
any bounds on its expected running time.

1.2 Our Results

In this paper, we provide perfect samplers for solutions of atomic CSPs in the local lemma regime.
Though in previous paragraphs we only focus on sampling perfect uniform solution, our algorithm
in fact works for general underlying distribution.

Let ® be an atomic CSP with variable set V' and |V| = n where each v € V' is endowed with a
distribution D, supported on finite domain 2,,.

e Let p be the maximum violation probability of a constraint under distribution ],y Ds.
e Let A be the maximum constraint degree.
e Let ) be the maximum size of a variable domain €2,,.
e Let k be the maximum number of variables that a constraint depends on.
Let p be the distribution of solutions of ® under ],y Do, i.e.,

[0" =0 ‘ o’ is a solution of <I>] for each o € H Q.
veV

plo)= = Pr
OJNHUEV Dy

The original Lovéasz local lemma [EL75] states if p- A < 1 then ® has a solution, i.e., p is
well-defined. Then the algorithmic LLL [MT10] shows one can efficiently find a solution under the
same condition. Our main theorem shows one can efficiently sample a solution distributed as u
under a similar condition.

Theorem 1.1 (Theorem 5.11, Informal). If p7 - A < 1/¢ where

3+In(c+1) - \/ln2(6+ 1) +6In(c+1)
9

D
v = and ¢ = max {2,max max v(a) } ,

veV q,¢'€Qy Dy (q’)



then our algorithm runs in expected time poly(k,Q,A) - nlog(n) and outputs a random solution
distributed perfectly as p.

We remark that for the uniform case (i.e., D, is the uniform distribution), we have ¢ = 2 and
v > 0.145, which already beats 1/7 from [JPV20] and 0.142 from [JPV21].

Theorem 1.1 is proved by a black-box reduction, using our state tensorization trick, to the
perfect sampling algorithm on small variable domains. It is possible to get improved bounds for
specific underlying distributions by a finer analysis. We take the uniform distribution as a starting
example and improve 0.145 to 0.175 for general atomic CSPs.

Theorem 1.2 (Corollary 5.18, Informal). If p®1™ - A < 1 and each D, is the uniform distribution,
then our algorithm runs in expected time poly(k,Q,A) - nlog(n) and outputs a perfect uniform
random solution.

We remark that this 0.175 also matches previous best bound for approximately uniform sampling
solutions of k-CNF formula [JPV21]. In fact, in our analysis binary domains are the worst case
for general atomic CSPs: the bound on k-CNF formula is the bottleneck for the bound on general
atomic CSPs.

Indeed, Theorem 1.2 can be further improved if variable domains are large. We use hyper-
graph coloring as an illustrating example, the bound of which matches the current best bound of
approximate samplers [JPV21].

Theorem 1.3 (Theorem 5.14, Informal). Let H be a hypergraph on n wvertices where each edge
contains exactly k vertices. Let A be the edge degree of H. Assume each vertex can choose a color
from {1,2,...,Q}, and a coloring of vertices is proper if it does not produce monochromatic edge.

If A < QF3, then our algorithm runs in expected time poly(k,Q,A) - nlog(n) and outputs a
perfect uniform random proper coloring of H.

Finally we briefly discuss the connection between our result and other topics.

e Non-atomic CSPs. For a non-atomic CSP, let N be the maximum number of forbidden
local configurations. We can convert it into an atomic CSP by decomposing the non-atomic
constraints to atomic ones as in [FHY20], which only increases the constraint degree A to at
most A - N. Then our perfect sampler is still efficient if N is small.

e Approximate Sampling. Our perfect sampler is a Las Vegas algorithm with quasilinear
expected running time 7. It is well-known that terminating the algorithm after 7'/e steps
gives an e-approximate sampler under total variation distance. In particular, the local lemma
condition of our approximate sampler is the same as our perfect sampler, which breaks the
current best record for atomic CSPs by [JPV20, JPV21].

We remark that one can obtain a better bound by analyzing the moments of the running
time of our perfect sampler. We do not make the effort here since this is not our focus and
this may require stronger local lemma conditions.

e Approximate Counting. One way to reduce counting to sampling is to start from a
CSP with no constraint, then add clauses one by one and use the self-reducibility [JVV86a].
Another strategy is to use the simulated annealing approach developed in [BSVV08, SVV09b,
FGYZ20]. Both reductions produce efficient randomized approximate counting algorithms.
We refer interested readers to their paper for details.

Similarly as in the approximate sampling case, the local lemma condition of our approximate
counting algorithm is the same as our perfect sampler, which breaks the current best record
for atomic CSPs by [JPV20, JPV21].



1.3 Proof Overview

To illustrate the idea, we first focus on sampling a uniform solution of k-CNF formula:

e There are n Boolean variables. Each variable is endowed with the uniform distribution over
{0,1}, and appears in at most d constraints.

e Each constraint is a clause depending on exactly k& variables and has exactly one forbidden
local assignment.

For example, (x1VxaV-xs)A(x1VasVar)A(zeV x4V -xg) is a 3-CNF formula where n = 6, m = 3
and k =3,d = 2.

Similar as previous works to deal with the connectivity issue of Glauber dynamics [Wigl9], the
first step of our algorithm is to mark variables so every clause has a certain amount of marked and
unmarked variables. Let V be the set of variables and M C V be the set of marked variables.
Then by the local lemma (Theorem 2.3), for any o € {0,1}* and any v € M the following two
distributions are close under total variation distance:

e An unbiased coin in {0, 1}.

e The distribution of ¢/(v) where o/ € {0,1}V is a uniform random solution conditioning on

o' (M\ {v}) = (M {v}).

We call this local uniformity.

To sample a solution approzimately, previous works [FGYZ20, FHY20, JPV21] simulate an
idealized Glauber dynamics Pgjayber (Algorithm 7) on the assignments of the marked variables as
follows:

(A) Initialize o(v) ~ {0,1} uniformly and independently for each v € M.

(B) Going forward from time 0 to 7' — 400, let v; be the variable selected at time ¢t > 0.
Iteratively find all clauses that are not yet satisfied by o(M \ {v;}) and are connected to v;
(Algorithm 1). Let @' be this sub-k-CNF.

Then update o(v;) < o’(v;), where ¢’ € {0,1}V is a uniform random solution of ® condi-
tioning on o/(M\ {v:}) = o(M\ {v:}). Algorithmically, ¢’ is provided via rejection sampling
(Algorithm 2) on @'.

(C) After Step (A) (B), extend o to unmarked variables V' \ M by sampling a uniform random
solution conditioning on o(M).

To sample a solution perfectly, we simulate bounding chains Pgchains (Algorithm 5) of Pglauber
as follows: The algorithm guarantees at any point, each variable v € M is assigned with a value in
{0,1,%} where % represents uncertainty.

(1) Initialize o(v) = « for each v € M.

(2) Going forward from time —7" to —1, let v; be the variable selected at time —7 < ¢ < 0.
Iteratively find all clauses that are not yet satisfied by (M \ {v;:}) and are connected with
vy (Algorithm 1). Let ®' be this sub-CSP.

— If all marked variables connected to v; in ® have value 0 or 1, we say v; is coupled. Then
we update o(v¢) by rejection sampling on ® and o(v;) is always updated to 0 or 1.

— Otherwise o(v;) is updated based on the local uniformity, which may be assigned to
with small probability (SafeSampling subroutine in Algorithm 5).



(3) After Step (1) (2),

— if some marked variable has value %, then we double T' and re-run Step (1) (2);

— otherwise we stop and extend o to unmarked variables V' \ M by sampling a uniform
random solution conditioning on o(M).

To simplify the analysis of the algorithm, we use systematic scan for Pglauper and Pgchains rather
than random scan [HDSMR16]. Specifically, at time ¢ € Z the algorithm always updates the variable
with index (¢ mod m) (Algorithm 7) where m = |M|.

Let 4™ be the distribution of a uniform random solution projected on the marked variables
M. Our goal is to prove the following claims for Pgchains:

e CORRECTNESS. When we stop in Step (3), 0(M) has distribution p™ (Subsection 4.2).
e EFFICIENCY. In expectation, each update in Step (2) is efficient. (Subsection 4.1.1)
e COALESCENCE. In expectation, we stop with "= O(nlog(n)) (Subsection 4.1.2).

Proof of Correctness. Firstly we show Pglayber converges to pag in Step (B) when T — +o0.
Though it is a time inhomogeneous Markov chain, we are able to embed it into a time homogeneous
Markov chain P’ by viewing | M| consecutive updates as one step. Then it is easy to check P’ is
aperiodic and irreducible with unique stationary distribution p™. After that, we unpack P’ to
show Pglauber also converges to ,uM (Lemma 4.22).

Next, we use the idea of coupling from the past [PW96] and bounding chains [Hub98, HN99].

e COUPLING FROM THE PAST. Observe that for any positive integer L if we run Pglauper from
—L -m to —1, it has the same distribution as we run it from 0 to L - m — 1. Thus by the
argument above, Step (B) also has distribution M if we run Pglauper from time —oo to —1.

e BOUNDING CHAINS. For each t € Z, if 0(M) in Pgchains has no x, then the update process
is exactly Pglauber- This means Pgchains 18 a coupling of Pgjauper (Proposition 4.25). Note
that we use x to denote uncertainty which includes all possible assignments that we need to
couple. Thus when Pgchains Stops at time T with & € {0,1}™ at Step (3), any assignment,
going through the updates from time —T to —1, converges to o.

Combining the two observations above, we know & is distributed exactly as u™.

Proof of Efficiency. We first remark that only the rejection sampling is time consuming,
and its running time is a geometric distribution with expectation controlled by the local uni-
formity (Proposition 3.3). Thus to bound its expectation, it suffices to bound the size of @’
(Proposition 4.11). This uses the same 2-tree argument as in previous works and we briefly explain
here.

Since k-CNF has bounded degree, if ®' is large then we can find a large independent set S of
clauses in ®’. Note that clauses in ® are connected, thus we can further assume S is a 2-tree — S
will be connected if we link any two clauses in S that are at distance 2. Intuitively, a 2-tree is an
independent set that is not very spread out. Then it suffices to union bound the probability that
some large 2-tree growing out of v; survives after previous updates.

One potential pitfall is the total running time of Pgchains depends on both T and the running
time of each update, where they can be arbitrarily correlated. Thus we need to calculate the second

%We remark that the randomness is reused. That is, the randomness used for time ¢ < 0 is the same one regardless
of the starting time —T'.



moment of the update time (Subsection 4.1.1) and apply Cauchy-Schwarz inequality to break the
correlation (Subsection 4.4).

Proof of Coalescence. To upper bound the round T, we employ the information percolation
argument similarly used in [LS16, HSZ19, JPV21]. For the sake of analysis, we assume Step (2)
in Pgchains also includes unmarked variables though it does nothing for the update, i.e., v; is the
variable with index (¢ mod n) where n = |V|.

The crucial observation is the following. If o(vy,) is updated to x at time ¢¢, then at that point
there must be some variable u # vy, with value » and connected to vy,. Let ¢; be the last update
time of u before ty, and thus u = v,. Then we can find another variable v’ # vy, with value x and
connected to vy, at time t;. Continuing this process until we reach the initialization phase, we will
find a list of time 0 > tg > t; > --- > t; > —1T such that for each time ¢;,

e o(vy;) is updated to *,

e v, is connected to vy, and vy, has value *.

To express constraints through time, we define the extended constraint (e, C') (Definition 4.12),

where C is a clause and e = {t},...,t.} C {-T,...,—1} is a time sequence such that

® Uy ..., Uy are the variables C' depends on,

e t,...,t, are succinct rounds of update for each vy ,..., vy .

k 1 k

Since each vy, and v, , are connected at time ?; as we discussed above, it means we are able to
find extended constraints (e}, C1), ..., (€., Cs.) such that t; € e} and t;41 € €, and €], ... €, are
connected over {—T,...,—1}. Thus all the edges {e;-}i,j form a connected sub-hypergraph H on
vertex set {—T,...,—1}.

Since each extended constraint (e, C') represents succinct rounds of update for variables in C, e
has range less than n = |V, i.e., maxy, sec [t1 — t2| < n. Thus the longest path P in H has length
|P| = Q(T/n). On the other hand, Step (2) of Pgchains only finds clauses that are not satisfied by
marked variables, which means each fixed extended constraint (e, C') appears in H with extremely
low (roughly 27%) probability.

Putting everything together, if we do not stop at round 7', we should find a path P of extended
constraints of length |P| = Q(T'/n). Meanwhile, each fixed extended constraint is found with
probability at most roughly 2~%. Thus any fixed P exists with probability at most 2~*1PI/2 since
extended constraints in odd positions of P form an independent set. Moreover, it is easy to see
each extended constraint overlaps with O(k?d) many other extended constraints, which provides
an upper bound O(k;2d)‘7>| for the number of possible P. By union bound, the probability that we
do not stop at round T is roughly

4 12\ UT/n)
n- <k2_2l> <<n-2_T/",

where we assume k*d?> < 2% and the additional n comes from choosing tg € {—1,...,—n}, i.e., the
last update resulting in .

We remark that to deal with general atomic CSPs, we need to be more careful with the union
bound (Subsection 4.1.2). This is because in general atomic CSPs constraints may depend on
different number of variables. Nevertheless, our analysis is much simpler than the one in [JPV21].
One main reason is that we use systematic scan instead of random scan, which makes the updates
of each variable well behave through time. Moreover, our main data structure, extended constraint
(Definition 4.12), is also much simpler than the discrepancy checks used in their argument.



State Tensorization. The marking process is only efficient when the variable domains are small;
otherwise it cannot guarantee useful local uniformity. Similarly for %, it compresses too much
information when the domain is large. Therefore to deal with large domains, we introduce a simple
state tensorization trick to perform the reduction.

For intuition, let’s consider the following concrete atomic CSP ®:

e The variables are u, v where u is endowed with distribution D,, by Dy (a) = Dy (b) = Dy(c) =
1/3; and v is endowed with D, by D,(A) = D,(B) = 1/4,D,(C) = 1/3,D,(D) = 1/6.

e The constraints are Cq, Cy where C; = False iff u = a; and Cy = False iff u = ¢,v = B.
Then we describe one possible state tensorization as follows (See Figure 1):

e Define variables w1, us where u; is endowed with Dy, by D, (0) = 2/3,D,, (1) = 1/3; and uq
is endowed with D,,(0) = D,,(1) =1/2.
We interpret u = a if (u1,u2) = (0,0); u = b if (u1,u2) = (0,1); and u = c if u; = 1.

e Define variables vy, v, v3 where vy is endowed with D,, by D,, (0) = D,, (1) = 1/2; and vy is
endowed with D,, (0) = D,,(1) = 1/2; and v3 is endowed with D,,(0) = 2/3,D,,(1) = 1/3.

We interpret v = A if (v1,v2) = (0,0); u = C if (v1,v3) = (1,0), etc.

Mo N

a b c A B C D

111 11 1 1

3 3 3 1 1 3 6 A B C D
(a) The original variables u and v. (b) The new variables uy,us and vy, va, vs.

Figure 1: An example for state tensorization.

Hence after the state tensorization, C7 = False iff u; = 0,uo = 0; and Cy = False iff uy = 1,v1 =
0,v9 = 1. Moreover, sampling the value of u,v from D, x D, is equivalent to first sampling the
value of w1, ug, v1,v2,v3 from Dy, X Dy, X Dy, X Dy, x D,, and then interpret the value of u, v from
them. Therefore, to obtain a random solution under distribution D, x D,, it suffices to first obtain
a random solution under the product distribution of uq, us, v1, v9,v3 and then interpret them back.

Most importantly, this reduction does not change the violation probability of any individual con-
straint, nor change the dependency relation among constraints. These essentially guarantees that
the desired local lemma condition does not deteriorate after the reduction. The formal description
of the reduction can be found in Subsection 5.2.

We remark that state tensorization, combined with the marking M, generalizes the state com-
pression technique in [FHY20]. On the other hand, state tensorization is similar to standard gadget
reduction in the study of complexity theory. For example by encoding large alphabets using binary
bits, one can show Boolean CSPs are no easier to solve than CSPs with large variable domains for
polynomial time algorithms. However we are not aware of such simple idea being used for perform
sampling tasks.

Organization. We give formal definitions in Section 2. Useful subroutines are provided in
Section 3 and then we describe and analyze our main algorithm in Section 4. We discuss our
result for different applications in Section 5.



2 Preliminaries

We use e ~ 2.71828 to denote the natural base. We use log(:) and In(:) to denote the logarithm
with base 2 and e respectively. We use [N] to denote {1,2,...,N}; and use Z to denote the set of
all integers. We say V' is a disjoint union of (Vi);ciy if V.= U,¢ Vi and ViN'V; = () holds for any
distinct 4, j € [s]. For positive integer m, ¢ mod m =t —m - |t/m| for non-negative integer ¢; and
t mod m=t-(1—m) mod m for negative integer ¢.

For any index set I and domains (€2;),c;, we use [[;c; € to denote their product space. For
some vector vec € [[;.;Q;, we use vec(i) € €2; to denote the entry of vec indexed by 7; and use
vec(J) € [[;c; € to denote the entries of vec on indices J C 1.

For a finite set X and a distribution D over X, we use x ~ D to denote that x is a random
variable sampled from X according to distribution D. For two events &1, & with Pr [&] = 0, we
define the conditional probability Pr[&1(x) | E2(x)] = 0. We say event £ happens almost surely if
Pr&] =1.

Constraint Satisfaction Problems. Let V' be a set of variables with finite domains (£2,),cy -
A constraint C on V is a mapping C: [, Qv — {True,False}. We say C' depends on v € V if
there exists 01,02 € [[, e Qv such that C(o1) # C(02) and o1, 02 differ in (and only in) v. We use
vbl(C') to denote the set of variables that C' depends on, then C' can be viewed as a mapping from
[Toewsi(c) v to {True, False}.

For convenience we use U%SG - HUEVbl(C) Q, (resp., U%ue - HUEVbl(C) Q,) to denote the set
of falsifying (resp., satisfying) assignments of C. More generally, for C being a set of constraints,
we use o0& (resp., 0% ) to denote the set of falsifying (resp., satisfying) assignments of C, i.e.,
C(o) = False for all o € o€, and some C € C (resp., C (o) = True for all o € 0% and all C € C).

For sampling LLL, we also need to specify the underlying distribution. Assume each v € V' has
some distribution D, supported on €,.2 Define u%ue as the distribution of solutions of C induced

by (Dy) ey i-e.,

N%ue(f") = Pr [0’/ =0 ‘ o' e U%ue] for each o € H Q.
o'~[Tpev Do r

Definition 2.1 ((Atomic) Constraint Satisfaction Problem). A constraint satisfaction problem
is specified by ¢ = (V, (20, Dy) ey ,C) where C is a set of constraints on V and each D, is a
distribution supported on £2,,.

We say @ is atomic if ‘a,;calse‘ =1 for all C € C. In this case, we abuse the notation to define
U%SG as the unique falsifying assignment of C'.

In addition, we define the following measures for ®:

e the width is k = k(®) = maxcec [VbI(C)];

the variable degree is d = d(®) = max,cy |[{C € C|v € vbl(C)}|;

the constraint degree is A = A(®) = maxcece [{C' € C|vbl(C) NvbI(C") # P}|;*
the domain size is Q = Q(P) = max,ey |y ];

the mazimal individual falsifying probability is

p=p(P) = max Pr [C(o) = False] = max Dy(o(v)).
False

3This means Dy(U) > 0 for all U € ©,. One natural choice is the uniform distribution.
“Here A is one plus the maximum degree of the dependency graph of ® since C' € {C” € C|vbl(C) Nvbl(C") # 0}.
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We will simply use k,d, A, Q, p when ® is clear from the context. In addition we assume A > 2,
d > 2, and |V| > 2 since otherwise the constraints in ® are independent and the sampling problem
becomes trivial.

Lovasz Local Lemma. The Lovész local lemma provides sufficient conditions to guarantee the
existence of a solution of CSPs.

Theorem 2.2 ([EL75]). Let ® = (V, (2, Dy),ey ,C) be a CSP. If epA <1, then

Pr o€ oS >(1l—e |C‘>0.
UNHueva [ True] - ( p)

The following more general version, first stated in [HSS11], can be proved with minor modifi-
cation of the original proof of the Lovész local lemma [EL75].

Theorem 2.3 ([HSS11, Theorem 2.1]). Let ® = (V, (2, Dy),ey ,C) be a CSP. If epA < 1, then
J%ue # (0 and for any constraint B (not necessarily from C) we have

Pr [B(o)=True] < (1—ep) "B Pr  [B(o) = True],

4
I~ HTre UNHUEV Dy

where T'(B) = {C € C|vbl(C) Nvbl(B) # 0}.

Hypergraphs. Here we give definitions related with hypergraphs. All the definitions directly
translate to graphs when every edge in the hypergraph contains two vertices.

Let H be a hypergraph with finite verter set V(H) and finite edge set E(H). FEach edge
e € E(H) is a non-empty subset of V(H). We allow multiple occurrence of a same edge. For any
CSP & = (V, (20, Dy) ey ,C) we naturally view it as a hypergraph H(®) where

V(H(®)) =V and E(H(®))={vbl(C)}ccc- (1)

Similar as the measures of CSPs, we define the following measures for a hypergraph H:

e the width is k = k(H) = max.cpm) le;

e the verter degree is d = d(H) = max,cy () [{e € E(H)|v € e}|;

e the edge degree is A = A(H) = max.cp |[{e' € E(H)|[ene # 0}

For any two vertices u,v € V(H), we say they are adjacent if there exists some e € E(H) such
that u € e and v € e; we say they are connected if there exists a vertex sequence wi,ws,...,wy €
V(H) such that w; = u,wg = v and each w;, w;4; are adjacent. Then hypergraph H is connected

if any two vertices u,v € V(H) are connected. Furthermore, we have the following basic fact
regarding connected hypergraphs.

Fact 2.4. Assume H is a connected hypergraph. Then for any e,e¢’ € E(H), there exists a sequence
of edges eq,ea,...,ep such that the following holds.

eci=c,ep=¢,ande;Nej1 #0 for alli e [¢ —1].

e ¢;Nej =0 for alli,j €[] with |i — j| > 1.

A hypergraph H' is a sub-hypergraph of H if V(H') C V(H) and E(H') C E(H). If in addition
eNV(H") =0 holds for all e € E(H) \ E(H'), we say H' is an induced sub-hypergraph of H.
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Marking. Apart from the CSP & = (V, (20, Dy) ey ,C) itself, our algorithms will also need a
subset of V' which we call marking. Both the correctness and efficiency of our algorithms rely on
the marking.

Assume @ is atomic and recall our measures for ® from Definition 2.1. We define the following
constants given marking M, the meaning of which will be clear as we proceed to the next section:

e The mazimal conditional falsifying probability of (P, M) is

— _ c
o= ()4((1)7 M) - Hclgé( H DU(O-False(U))' (2)
vevbl(C)\M

e When ea < 1, define

— the multiplicative bias of (P, M) as

B =B(®,M)=(1-ea) (3)
— the mazximal multiplicative-biased falsifying probability of (®, M) as
_ _ ¢ .
p= p((I)vM) - Igg‘é( H B : DU(UFalse(U))v (4)
vevbl(C)NM

— the mazximal multiplicative-biased unpercolated probability of (P, M) as

A= A@ M) =max bl @[] (8- Dolofulo)) + (5~ D (2] ~2). (5)
vevbl(C)NM

When context is clear, we will just use «, 3, p, A.

Wildcard. We will reserve x as a wildcard symbol. Our algorithms will use x to represent all the
possibilities in some domain.

Let @ = (V,(Q0,Dy)yer »C) be a CSP. For each v € V we assume x ¢ €, and define Q) =
Q, U {x}. For any C € C and o € [], 25 we abuse notation to define

(6)

(o) False 3o’ €[],y Q0 such that C(o’) = False and o(v) € {o'(v),*} forallv eV,
o) =
True otherwise.

Here we define CSPs projected on assignments with * coordinates. Intuitively this assignment
fixes (and only fixes) the non-x variables for the CSP. But pedantically we provide the following
definition.

Definition 2.5 (Projected Constraint Satisfaction Problem). For any o € [] .y 2, we define the
projected constraint satisfaction problem ®|, = (V, (Qlos Dolo)pey ,C|U) by setting

(€20, Dy) o(v) = *,

) S ) forallveV
({o(v)}, point distribution) otherwise

(QU|07’DU|0) = {

and C|, = {C|,|C € C,C(0) = False} where C|, has the same evaluation rule as C € C but
depends on possibly fewer variables, i.e., vbl(C|,) = {v € vbl(C) | o(v) = *} C vbl(C). Similarly we
sometimes view C/|, as constraint only on vbl(C|,).

Recall the measures defined in Definition 2.1. We note the following simple fact.

Fact 2.6. k(®|,) < k(®), d(P|y) < d(D|s), A(P|,) < A(D), and Q(P|s) < Q(P). Moreover, if &
is an atomic CSP, then ®|, is an atomic CSP.
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3 Useful Subroutines

In this section, we provide some useful subroutines for later reference in our main algorithm.

3.1 A Component Subroutine

Recall notations defined in Definition 2.5. We first set up the following Component (P, M, o, u)
subroutine, which uses v € V and current assignment o € [] .y 2 to (hopefully) decompose
projected CSP ®|, into two disjoint parts: One containing u and one isolated from w. For our
purpose, the input will guarantee that ® is atomic, o(u) = %, and o(v) = % for all v € V'\ M.

Algorithm 1: The Component subroutine
Input: an atomic CSP & = (V, (20, Dy) ey ,C), a marking M C V, an assignment
o€ ([Tyen %) x {1V WM and w € V with o(u) = %
Output: (9, Token) where ®' = (V' (Q|s, Dyls) ey ,C’) and Token € {True, False}
Initialize V' < {u} and C' < 0
while 3C|, € C|, \ C’" with vbl(C|,) NV’ # () do
if vbl(Cl,) C {u} U (V \ M) then Update V' <~ V' Uvbl(C|,) and C’ + C' U{C|,}
else return (®’, False)

end
return (9’, True)

(=B B NV VN

Here we note the following observation regarding Algorithm 1.
Proposition 3.1. The following holds for Component (®, M, o, u).

(1) It runs in time O (Ak|C'| + dk).

(2) ue V' CV,C CCl,, and o(v) = * for all v € V'. Moreover, o(v) = of,,..(v) holds for any
Cls € C' and v € (vbI(C) N M)\ {u}.

(3) ® is an atomic CSP and hypergraph H(®") (Defined in (1)) is connected.

(4) If Token = True, let V' =V \ V' and C" =C|s \C'. Then ®" = (V",(Qlo, Dolo)yeyn,C") is

Clo C C Clo ¢’

o ! 124 o c/
OTrue X OTrue and HTrue = HTrue X HTrye-

an atomic CSP. Moreover o1}, =

Proof. Ttem (2) is evident from the algorithm, ® being atomic, and Definition 2.5.

For Ttem (3), note that each time we add a constraint C|, into C’, we add vbl(C|,) into V".
Thus @ is a CSP. Since ® is atomic, by Fact 2.6 @' is also atomic. In addition, we only consider
C|, with vbl(C|,) NV’ £ 0 at Line 2, hence H(®') is connected.

For Ttem (1), the algorithm can be executed by first checking all (at most d) constraints related
with w, then iteratively checking (at most A|C’| in total) constraints related with the newly added
constraints in C’. Thus the total running time is O(k) - (A|C'| 4 d).

Now we focus on Item (4) when Token = True. The condition from Line 2 implies for any
Cls € C", vbl(Cl,) N V' = ) and thus vbl(C|,) C V”. Therefore ®” is a CSP. Since ® is atomic, by
Fact 2.6 ®” is also atomic. Then the “moreover” part follows from V (resp., C|,) being a disjoint
union of V/ and V" (resp., C' and C"). O
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3.2 A RejectionSampling Subroutine

The following simple perfect sampler, which is based on the standard rejection sampling technique,
will be a building block for our main algorithm.

Algorithm 2: The RejectionSampling algorithm

Input: a CSP & = (V, (20, Dy) ey ,C) and a randomness tape r
Output: an assignment o € ,u%ue
while True do
Sample o ~ [], ¢y Dy with fresh randomness from r
if C(o) = True for all C € C then return o
end

[ SR

We have the following result on Algorithm 2 by basic facts of geometric distributions.
Fact 3.2. The following holds for RejectionSampling(®,r) over random r if U%ue # 0.
o [t halts almost surely, and outputs o ~ u%ue when it halts.
o Let T be the number of while iterations it takes before it halts. Then
1

o Let X be its total running time.> Then
E[X] = O (B[T]- (KIC| + QIV])) and E[X?] =0 ((B[T]- (kic| + QIV])?).

The following result is useful when we perform rejection sampling on a projected CSP, say @’
from Algorithm 1.

Proposition 3.3. Let & = (V, (20, Do) ey ,C) be an atomic CSP and M CV be a marking. Let
k=k(®), A=A(®), Q=Q(P), a=a(®,M), and = B(®,M). Let o € ([[ycp Q) x {x}"M
be an arbitrary assignment and ® = (V', (e, Dolo)yey-C') be an arbitrary sub-CSP of ®|,
where V' CV and C' C C|,.

If eaA < 1, then the following holds for RejectionSampling (®’,r) over random r.

(1) Let X be its running time. Then X < 400 almost surely and, if hypergraph H(®') (Defined
in (1)) is connected, we have

E[X] = O (W) and E[X?] =0 (M) ‘

(1-ea) (1 —eaf®

(2) Let o’ be its output. Then o’ ~ ,uﬁf-/me. Moreover for any v € V' and any q € Qyl,, we have

Pr [0/(v) = q] < 8- Dyl (q).

®Each while iteration can be performed in time O(k|C| 4+ Q|V'|) where O(Q) - [V|) is for Line 2 and O(k) - |C| is for
Line 3.

14



Proof. Firstly by Fact 2.6, A(®’) < A. Then for any C|, € C’, we have

Pr [C|,(c) = False]
o~Tvewi(cly) Polo
= H Dy(0E1ee(v)) (since @ is atomic and by Definition 2.5)
vevbl(C|s)
< H Dy(0E, e (v)) (since o(V \ M) =+ "M and thus vbl(C|,) € V \ M)
vevbl(C)\M
<a. (by (2))

Thus p(®’') < « (Recall p from Definition 2.1) and we apply Theorem 2.2 to obtain

Pr [Eeac, ]> 1—ea)l > 0.
5Nnuevf Dolo True| — ( )

By Fact 2.6, k(®') < k. Then Item (1) follows immediately from Fact 3.2 by noticing |[V'| <
k|C'| + 1° when H(®') is connected. o’ ~ p$, . in Ttem (2) follows from Fact 3.2 as well.

Note that 8 > 1. Thus by Definition 2.5 we may safely assume o(v) = * in Item (2). Let B(c’)
be the event (i.e., constraint) “o’(v) = ¢”. Then vbl(B) = {v} and

Pr [B(¢o')]= Pr [o'(v)=¢q] and Pr [B(0")] = Dulo(q).

7 muq,C! 7 muq,C! o~ D
T N e T N e H’”evl U‘g

By Fact 2.6, d(®') < d. Thus Item (2) follows naturally from Theorem 2.3 by the definition of 3
and noticing

1{C|, € C"[vbI(B)NwbI(C|,) # 0} = |{Cl, € C'| v € VbI(C|,) }| < d(d') < d. O

3.3 A SafeSampling Subroutine

The following simple SafeSampling complements RejectionSampling when there is uncertainty to
update u € M. Details will be clear in Subsection 4.2.2.

Algorithm 3: The SafeSampling algorithm
Input: an atomic CSP & = (V, (20, Dy) ey ,C), a marking M C V, some u € M, and a
randomness tape r
Output: some value g € 07
1 Recall g = (P, M) from (3)
2 Sample ¢ from D}, using r where D}, is a distribution over 2}, by

D*( ) _ maX{O,l—ﬁ(l—Du(q))} quuv
T - S yen, Di) g=x

3 return c

We note the following observation regarding SafeSampling.

Proposition 3.4. The following holds for SafeSampling(®, M, u,r) over random r if e A < 1.

SThe additional +1 is for the case |[V'| =1 and C’ = (.
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(1) It runs in time O(Q) where Q = Q(®) from Definition 2.1 and D}, from Line 2 is a distribu-
tion.

(2) For any q € S, Dii(q) < Dulq) and Dy({q,+}) < 8- Dulq) + (6 — 1)(|Qu] - 2).

(3) Leto € (ITper ) x{x}V "M be an arbitrary assignment with o(u) = x. Let ®' = (V' (o Dolo)yey - C)
be an arbitrary sub-CSP of ®|, where V! C'V and C' C C|,. Let o' ~ p$, .7 Then for any
q € Qulo = Qu, we have D} (q) < Prlo’(u) =¢].

Proof. First note that 8 > 1. For Item (2), observe that
D} (q) =max{0,1 -5 (1 —=Dyu(q))} <max{0,1 —1-(1—Dyu(q))} = Du(q)
and

Di{ex)=1- Y Did)<l— > (1-8-(1-Dud))

7'€Qu\{q} 7' €Q\{q}
=14+ @B -D(W[-1)-8- Z Du(q/)
'€\ {q}

=1-(B=D([=1)=8-(1=Dulqg) = B-Dulg) + (B — 1)(|Q2] - 2).

For Item (1), it suffices to observe, using Item (2), that Dj(x) > 1 -3 o Du(q) = 0.
Finally for Item (3), we simply have

Pr(o'(u) =q] =1— Z Pr [o'(u) = {']

7' €Qu\{q}
>1-p5- Z D.(q") (by Item (2) of Proposition 3.3 and Dy|, = D,,)
7' €Qu\{q}
=1-0-(1—="Du(g))
> Dulq) > Dy(q)- (since B > 1 and by Item (2))

O

4 The AtomicCSPSampling Algorithm

We now formally describe our main algorithm AtomicCSPSampling in Algorithm 4. The missing
subroutines will be provided as we prove the correctness and efficiency of Algorithm 4.

Intuitively, the o after the while iterations will be a random assignment over M (i.e., o €
(ITpenq ) x {x}V\"M) with certain distribution; and the final output o simply extends the assign-
ment of 7 to V' '\ M. Putting them together, we will prove o is distributed as ,u%ue.

Recall measures a, p, A\, k,d, A, @Q defined in (2), (4), (5), and Definition 2.1. Now we present
our main theorem, the proof of which is the focus of the rest of the section.

Theorem 4.1. Let & = (V, (QU,DU)UGV,C) be an atomic CSP. Let M C V be a marking. If
eal <1, eA?%p < 1/32, and A%\ < 1/16, then the following holds for AtomicCSPSampling(®, M).

e CORRECTNESS. [t halts almost surely and outputs o ~ u%ue when it halts.
e EFFICIENCY. Its expected total running time is O (kQA3|V|log(|V])).

7;;%7—;“6 is well-defined guaranteed by Item (2) of Proposition 3.3.
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Algorithm 4: The AtomicCSPSampling algorithm
Input: an atomic CSP ® = (V, (Q, Dy),cy ,C) and a marking M C V
Output: an assignment o € a%ue
Assign infinitely long randomness r; independently for each ¢ € Z
Initialize T < 1
while True do
0 < BoundingChain(®, M, T, r_p,...,r_1) /*x o€ (HUEM QZ) X {*}V\M */
if o(v) # * for all v € M then break
else Update T+ 2-T
end
o < FinalSampling (®, M, o)
return o

© 0 N o ok W N =

Remark 4.2. We remark that A > p since 8 > 1 and domains have at least 2 elements®. Thus we
can use, say, A%\ < 1/100 to dominate both eA%p < 1/32 and A%X < 1/16 and thus simplify the
conditions in Theorem 4.1. This indeed only loses minor factors. However, we choose to present in
the current format to make the proofs cleaner as eA?p and A%\ comes from different places.

4.1 The BoundingChain Subroutine

Recall our SafeSampling subroutine from Subsection 3.3. We present the BoundingChain subroutine.

Algorithm 5: The BoundingChain subroutine
Input: an atomic CSP & = (V, (20, Dy) ey ,C), a marking M C V, a starting time —T,

and randomness tapes r_p,...,7r_1
Output: an assignment o € [], oy

1 Initialize o(v) < % for all v € V /* Assume V = {vg,...,vp—1} */
2 fort=—-T to —1 do

3 it <t mod n, and o(v;,) < /* Update o(v;,) in this round */
4 (P4, Token;) < Component (®, M, o, v;,) where &, = (Vt, (Qlo, Dolo)pevs ,Ct)

5 if v;, € V'\ M then Continue

6 else if (v;, € M) A (Token; = True) then

7 o' < RejectionSampling (¥4, 1)

8 Update o(v;,) < o’ (vi,)

9 else /* (v, € M) A (Token, = False) */
10 | Update o(v;,) < SafeSampling(®, M, v;,, 7¢)

11 end
12 end

13 return o

Remark 4.3. Algorithm 5 also works if we ignore variables outside M. This is because o(V \
M) is always kept *\M " However the current version is more convenient for our analysis in
Subsection 4.1.2 and does not influence the running time much.

8If some domain has only 1 element, then the corresponding distribution must be a point distribution. Thus we
can simply fix the variable to this value and simplify the CSP.
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We first note the following fact regarding each round of update.

Lemma 4.4. Let t € {-T,...,—1} be an arbitrary time with v;, € M. Let 0 € ([[,epr ) ¥

{*}V\M be an arbitrary assignment. Let q € ¥, - be the update of o(v;,) in the t-th for iteration of
Algorithm & over random ry. If eaA <1, then

(1) q is well-defined almost surely;
(2) for any q' € Q, we have

Pr [q = | o, t] < 5'Dvit (q/) and Pr [q c {q/,*} ‘0, t] < 5.29% (q/)—i—(ﬁ—l) (‘Qvit

—-2).

Proof. Note that o uniquely determines Tokeny, i.e., whether we update o (v;,) by RejectionSampling
or SafeSampling. Thus we only need to consider two possibilities separately.

. ‘ RejectionSampling. ‘ By Item (3) of Proposition 3.1 and Item (1) of Proposition 3.3, ¢ is well-

defined almost surely. Since o(v;,) is set to % right before the update and ¢ is never * in
RejectionSampling, we have D, lo = D,,, and, by Item (2) of Proposition 3.3,

Pr [qe {q’,*} ‘a,t] =Pr [q:q/|a,t] §B'Dvit(q/).

e | SafeSampling. | By Item (1) of Proposition 3.4, g is always well-defined. Then the two bounds
follow from Item (2) of Proposition 3.4. O

We will show the following result for one single call of Algorithm 5.

Proposition 4.5. If eaA < 1, eA%p < 1/32, and A%\ < 1/16, then the following holds over
random r_r,...,r_1 for BoundingChain(®, M, -T r_p,... ,r_1).

e EFFICIENCY. Let Xy be the running time of the t-th for iteration. Then X; < 400 almost
surely and E [Xf] =0 (dk2A5Q2).

e COALESCENCE. Let £ be the event “in the returned assignment o, there exists some u € M
such that o(u) = x”. If T > 2|V| — 1, we have Pr[£] < 4|V|-2-T/IVI.

4.1.1 Moment Bounds on the Running Time

To establish the efficiency part of Proposition 4.5, we need to control the size of ®; in each for
iteration. This requires some additional definitions.

Definition 4.6 (2-tree). Let G be an undirected graph. A set of vertices S C V(G) is a 2-tree if
the following holds.

e distg(u,v) > 2 holds for any distinct u,v € S where distg(u,v) is the length of the shortest
path in G from u to v.”
e If we add an edge between every u,v € S with distg(u,v) = 2, then S is connected.

Intuitively a 2-tree is an independent set that is not very spread out. The following lemmas
bound the number of 2-trees and show how to extract a large 2-tree from any connected subgraph.

9For example distg (u,u) = 0 for all u € V(G), and distg(u,v) = 1 iff (u,v) is an edge in E(G).
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Lemma 4.7 ([FGYZ20, Corollary 5.7]). Let G be a graph with mazimum degree d. Then for any
v € V(G) and integer £ > 1, the number of 2-trees in G of size £ containing v is at most (ealz)f_1 /2.

Lemma 4.8 ([JPV21, Lemma 4.5]). Let G be a graph with mazimum degree d. Let G’ be a
connected subgraph of G. Then for any v € V(G'), there exists a 2-tree S C V(G') with v € S and
size |S| > [V(G)|/(d+1).

Lemma 4.9 ([FGYZ20, Observation 5.5|). If a graph G has a 2-tree of size { > 1 containing
v € V(G), then G also has a 2-tree of size £ — 1 containing v.

The following result is an immediate corollary of Lemma 4.8 and Lemma 4.9.

Corollary 4.10. Let G be a graph with mazimum degree d. Let G' be a connected subgraph of G.
Then for any v € V(G') and any integer £ < [|[V(G")|/(d + 1)], there exists a 2-tree S C V(G')
with v € S and size |S| = £.

Now we show the following concentration bound.

Proposition 4.11. Let d = d(®), A = A(?), o = a(P, M), and p = p(P, M). Assume ea < 1.
For anyt € {-T,...,—1}, recall C; from Line 4 of Algorithm 5. Then we have

d _
PriC| >¢-A] < 5 (eA2p)Z ! for any integer £ > 1.
Proof. Construct the line graph Lin(®) = (V‘I’,Eq’) of & = (V, (20, Dy) ey ,C) where

V®=C and E® = {{e,es} €C xC|vbl(e;) Nvbl(ex) # 0, e # ea}.

Then Lin(®) is an undirected graph with maximum degree A — 1.

Let o and v;, be the assignment and variable to update at time t respectively. Let G be
the subgraph of Lin(®) induced by vertex set V(G) = {C € C|C|, € C;}. Then by Item (3) of
Proposition 3.1, G is a connected subgraph of Lin(®).}° For any C|, € C; with v;, € vbl(C), by
Corollary 4.10 there exists a 2-tree S C V(G) with C' € S and size |S| = ¢ provided ¢ < [|C,| /A].
Define

S ={2tree SCV®|(|S| =) A(3C € S,v;, €vbl(C))}.

Then by Lemma 4.7 and noticing there are at most d choices of C, we have

a-(e(a- 1)2>£ b (ea?)!
Sl < < :
2 2
By Item (2) of Proposition 3.1, o(v) = o8, (v) for any C|, € C; and v € (vbl(C) N M)\ {v;, }.
Note that o(v) is initialized as x. Thus o(v) must be updated before time ¢. Let UpdTime(v, )
be the last update time of v before the t-th for iteration in Algorithm 5, and let &, ¢ be the event
“o(v) is updated to o€, (v) in the UpdTime(v,t)-th for iteration”. Recall the definition of p from
(4), then we have'!

Pr(|C| > (- A] <Pr[&, c,VC|s € Ct, Vv € (vbI(C) N M)\ {v;, }]

19 Actually Ttem (3) of Proposition 3.1 says the subgraph of Lin(®|,) induced by vertex set C; is connected, which
implies G is a connected subgraph of Lin(®) as vbl(C|,) C vbI(C).

"'We remark that for the fourth inequality below, we do not assume any independence between &, ¢. We simply
use the chain rule of conditional probability in the order of time. For example, if UpdTime(vi,t) < UpdTime(ve,t),
then Pr [Ey,,cy A Evs,cn] = Pr[€v,,01] Pr[€u,,c, | Evr,c:] and then we apply Item (2) of Lemma 4.4 twice.
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<Pr [&,,C,VC €S,V e (vbl(C) N M)\ {Uit}]

< Z Pr (&, c,VC € S,Vv € (vbl(C) N M) \ {v;, }] (by union bound)
SeS

S Z H H min {17 B : Dv(aglse(v))}
SES CES pe(vbl(C)NM)\{v, }
(since (vbl(C))oeg are pairwise disjoint and by Item (2) of Lemma 4.4)

< Z H H 5 ' DU(O-%Ise(’U))

SES CeS,vi, ¢vbl(C) vevbl(C)NM

_ d —1
SZ,O'S‘ 1§§.(9A2p) ) O
Ses

Now we obtain moment bounds for the running time of each for iteration in Algorithm 5.
Proof of the Efficiency Part of Proposition 4.5. Let Y; and Z; be the running time of Line 4 and

Line 5-11 respectively. By Item (1) of Proposition 3.1, we have E [Y?||C]] = O <(Ak‘ ICe| + dk:)2>.
By Item (3) of Proposition 3.1, Item (1) of Proposition 3.3, and Item (1) of Proposition 3.4, we

also have
E(22|[cl] = O <m {w% (hQ1Ci| + Q) }) 0 ((k:@ Cil + @>2> |

(1 — eq)?Cl (1 — eq)?Cl
By Proposition 4.11, we have

2 \¢—1 d 1 -1 .
. (eA p) < 5 \3 for any integer ¢ > 1.

>0 <
Pr(|Ci > (- A =

d
2
Since Xy =Y; + Z; + O(1) and (a +b+¢c)? < 4-(a® +b* + c?), we have

E[X}|=0Q+E[Y?]+E[2}]) =0 <1+§Pr[|6’t| = LIE[Y? + Z2||C] :L]>

<0 (k) + ioPr (G| >¢-A]-A-O <A2k2 (A(L+1))? + ((fm(?@ﬂfg
=0 — ew

(bucketing L € [(- A, ({ + 1) - A))

+o0o
<O (@) + Y Pr(c|=¢-A]-A-0 (A2k2 (A(L+ 1)) + (QEA(L + 1)) - 16“1)
=0
(since ea > 1/A and A > 2, we have (1 — ea)® > 1/4)

~— 1\ 2 2 ol
< O (dF?) + 0 (dA) ; (3—2> (A2k2 (A(f+1))2 + (QEA(f + 1)) - 16 +1)
= O (d®k* + dk*A° + dk*APQ?) = O (dk*A°Q?). (since d < A)

O
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4.1.2 Concentration Bounds for the Coalescence

Here we analyze the coalescence part of Proposition 4.5, which is also the stopping condition for
the while iterations in Algorithm 4. We use information percolation argument and need additional
setup.

We follow the notation convention in Subsection 4.1.1: V' = {vg,...,v,—1} and i; =t mod n
fort € {—T,...,—1}. UpdTime(v,t) is the last update time of v before time t, i.e.,
UpdTime(v, ) = max {—T — 1, max {t' < t|v;, =v}}. (7)

The additional —7T — 1 is to set up the boundary condition corresponding to the initialization step.

Definition 4.12 (Extended Constraints). For any C' € C and e = {t1,...,t,} € {-T,...,—1},
we say (e,C) is an extended constraint if the following holds.

(1) m = |vbl(C)| and vbl(C) = {vitl,vitz,...,vitm}.
(2) e ={UpdTime(v,tmax + 1) |v € vbl(C)} where tmax = maxye,t'.
Intuitively an extended constraint of C' is a consecutive rounds of updates in vbl(C).
Fact 4.13. The following holds for extended constraints.

(1) If (e1,C1) and (eq,Ca) are two extended constraints and vbl(C1)Nvbl(Cy) = 0, then e;Neg = (.
(2) If (e,C) is an extended constraint, then

(2a) 0 < tmax(€) — tmin(€) < n, where tmin(e) = mingee t';
(2b) e = {UpdTime(v,t') |v € vbl(C)} for any tmax + 1 <t < tmin +n;
(2¢c) for any C" € C, we have

He/ ‘ (¢/,C") is an extended constraint with e N e # (])H <2 ‘vbl(C”)‘ .

Proof. Ttem (1) is evident from Item (1) of Definition 4.12.
For Item (2), we assume |vbl(C)| = m and vbl(C) = {v,,, ..., Vq,, }. Let

S={-T...,~1} " {a;—j-nli€m],j €z} = {br.bs....brc))}

where —T' < by < --- < bpcy < —1. Note that b; = bj1,, mod n for all i € [T(C) —m]. If (e,C) is
an extended constraint, then by Item (2) of Definition 4.12, e consists of a consecutive interval of S,
ie,e={bo,bos1,.--,b01m—1} for some o € [T(C)—m+1]. Thus tmax(€) —tmin(€) = botm—1—bo <n
(since b; = bj+y, mod n) which verifies Item (2a). Since either b, +n = bypy or b, +n > 0, we
know UpdTime(v,,;,t') = UpdTime(vy,, botm—1 + 1) for all i € [m] and boim—1 +1 <t < b, +n
which verifies Item (2b).

Now we prove Item (2¢). By Item (1), assume without loss of generality vbl(C') N vbl(C") # 0.

Let m’ = |vbl(C")| and vbI(C") = {%’17 . ,Ua/m,} and define

S'={-T,....-1}n{d;—j-nlie W]JGZ}:{ '17---vb/T(c')}

where =T < b} <--- < bﬁf(c,) < —1. Then similarly, we have b; = b/, ., mod n for all i € [T(C') -
m/] and e = {bl,,..., b, ., } for some o' € [T(C") —m’ +1]. Let imin = min{i € [T(C")]|V; € e}
and imax = max {i € [T(C")] |V} € e}. Then eNne’ # 0 iff imin < ' +m' —1 and imax > o'. Therefore
there are at most imax — imin + M’ choices of o’. Since b;min,b;max € e, by Item (2a) we know
— b;min < n. Hence imax < imin + m'. In all, there are at most 2m’ — 1 choices of €'. O

Tmax
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Definition 4.14 (Extended Hypergraph). Fxtended hypergraph H®* = (Ve E®) has vertex set
Vet = {-T,... —1} and extended constraints as edges:

E®*={e C{-T,...,—1}]|(e,C) is an extended constraint} .

Moreover, we label each edge e with C if it is added into E®* by extended constraint (e, C). We
allow multiple occurrence of the same edge but the labels are different.

Define o as the final returned assignment in Algorithm 5. For each t € {-T,...,—1}, let oy
be the assignment at Line 4 of the ¢-th for iteration in Algorithm 5. In particular o4(v;,) = x due
to Line 3.

Now we present the following algorithm informally described in Subsection 1.3 to sequentially
find constraints that are not satisfied during the BoundingChain process. We remark that this
algorithm is only for our analysis, and we do not run it during AtomicCSPSampling.

Algorithm 6: Find failed constraints during the BoundingChain process
Input: assignments (0¢),c(_1, ¢y defined above and some u € M with oo(u) = *
Output: H' = (V' E’) where V! C Vet and E' C E&¢

1 Set to < UpdTime(u,0) and initialize V' < {tq}, E’ +
2 FailedConstraints(¢g)
3 return (V' E')
4 Procedure FailedConstraints(t):
5 if t < =T +n —1 then return /* (v, € M) A (Token; = False) */
6 | Initialize V; « {v;,} and C; < 0
7 | while 3C|,, € C|,, \ C; with vbl(C|,,) NV, # 0 do
8 e < {UpdTime(v,t +1)|v € vbl(C)}  /* (e,C) is an extended constraint */
9 Update C; < C; U{C|s, } and V; < V; UvbI(C,,)
10 Update E' + E'U{e} and V' + V' Ue /* e is labeled by C */
11 end
12 | foreach v e (V,N M)\ {v;,} do
13 ‘ FailedConstraints(UpdTime(v,t))
14 end
15 end

We have the following observation regarding Algorithm 6.
Lemma 4.15. Algorithm 6 halts always. Furthermore, if T > 2n — 1 then
(1) for each (e,C') from Line 8 when we execute FailedConstraints(t),

(1a) it is an extended constraint,

(1b) for each v € vbl(C'), the assignment on v is updated to x or o, (v) in the UpdTime(v,t+
1)-th for iteration in Algorithm 5;

(2) each time we call FailedConstraints(t), t is already in V';
(3) H' is a connected sub-hypergraph of H®;
(4) there exists some ey, e1 € E' such that tmax(eo) > —n and tmin(e1) < =T +n — 1.
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Proof. Since UpdTime(v,t) <t for allv € V and t € {—T,...,0}, Algorithm 6 always halts.
We prove Item (1) by induction on the calls of FailedConstraints(¢). The first call ¢y repre-
sents the final update of the assignment on v € M, which results in og(u) = *.

e |Item (1la) for ¢o. |Note that 0 > tg > 0—n > —T+n—1. Then UpdTime(v,tp+1) =ty > —T
for v = v;, ; and UpdTime(v,to + 1) > =T for all v # v;, . This means —7'— 1 ¢ e and thus
(e,C) is an extended constraint.

. ‘Item (1b) for tg. ‘ Since C|,,, € Cls,, at Line 7, we know C(oy,) = False and, by (6), o4, (v) €
{aghe(v),*} for each v € vbl(C). This means, if v # v;, , the assignment on v is updated
to such value in the UpdTime(v,ty) = UpdTime(v,ty + 1)-th for iteration in Algorithm 5.
Meanwhile if v = v;, , then the assignment on v is updated to x in this ¢y = UpdTime(v, t9+1)-
th for iteration, resulting in og(v) = *.

To complete the induction, we note that each later call of FailedConstraints relies on some v from
Line 13 when we execute some FailedConstraints (UpdTime(v,t)). This means v € M\ {v;, } and
ot(v) =% and t > —T+n—1. Thus the assignment on v is updated to x in the — 7" < UpdTime(v, t)-
th for iteration in Algorithm 5. Then the argument above also goes through with almost no change.

For Ttem (2), note that V' is initialized as {t¢p}. Upon Line 13, we have UpdTime(v,t) =
UpdTime(v, t 4+ 1) since v # v;,, which has been added into V' by Line 10 earlier.

Now we turn to Item (3). By Item (1), £/ C E®*. Meanwhile by Line 10, E’ are edges over
vertex set V'. Thus it suffices to show H' = (V'  E’) is connected. By Item (2), we only need
to show vertices added during the while iterations in FailedConstraints(¢) is connected to t.
This can be proved by induction: When we find C|,, satisfying the condition at Line 7, fix some
v € vbl(C|,,) N V;. Then for the edge e constructed in the next step, each UpdTime(v,t+1) € e is
connected to UpdTime(v',t 4+ 1) € e. Note that either (A) v = v;, and thus UpdTime(v',t +1) = ¢,
or (B) UpdTime(v/,¢ 4+ 1) was added into V' in an earlier time and connected to ¢. Hence each
UpdTime(v,t + 1) € e is connected to ¢ as desired.

Finally we prove Item (4). Each time we call FailedConstraints(¢), it implies the assignment
on v;, € M is updated to x in the ¢-th for iteration in Algorithm 5. This means Token; = False
and SafeSampling is performed in Algorithm 5. By comparing Algorithm 1 and FailedConstraints,
we know v;, is connected by falsified constraints to some v € (V; N M)\ {v;,} that o,(v) = x. This
implies at least one round of Line 13 here will be executed. Thus the recursion of Algorithm 6
continues until t < =T +n — 1. By Item (2), there exists some ¢t; € V' with t; < =T +n — 1.
Meanwhile tg € V’ and ¢ty > —n. Hence by Item (3), there exists eg,e; € E’ such that ¢y € ey and
t1 € e1; and tmax(eg) > to > —n, tmin(e1) <t1 < =T +n — 1. O

Finally we complete the proof of Proposition 4.5.

Proof of the Coalescence Part of Proposition 4.5. Since o is defined as the final returned assign-
ment, we know event £ (Defined in Proposition 4.5) is “there exists some u € M such that
oo(u) = *”. Using Algorithm 6 we obtain H' = (V',E’). By Fact 2.4 and Item (3) (4) of
Lemma 4.15, there exists a path e, s, ...,¢& € E' C E®* with labels Cy, Cs, . .., Cy such that

¢; Neir1 # 0 and thus tmin(€;) < tmax(€iy1) for all ¢ € [£ — 1];
einNe; =0 forall i,j € [¢] with |i — j| > 1;
-n < 7fmax(gl) < 0;

—T <tmin(€r) < -T+n—1.
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Meanwhile

~

-1

75max(gl) = tmax(gé) + (tmax(gi) - tmax(gi—l—l))
1

.
Il

-1

<tmin(€r) +n—1+ Z (tmin(€i) +n — 1 — tmax(€i41)) (by Item (2a) of Fact 4.13)
i=1

<(-T+n—-2)+¢-(n—1). (by Item (a) (d) above)

Thus by Item (c) above, we have £ > —2+ [T'/(n— 1)]. For convenience we truncate the tail of the
path so that £ is the largest even number no more than —2+4[7'/(n—1)]. Thus ¢ > —3+4[T/(n—1)].
We remark that since the tail is truncated, Item (d) above is not necessarily true now.

Now for any fixed path ey, ..., e, € E® with labels C1, ..., Cy satisfying Item (a) (b) (c) above,
we bound the probability that this path, denoted by P, appears in H’'. Assume

/2 /2

[ vbl(Cain)| < T IvBI(Cai)] (8)
=1 i=1

and the other case can be analyzed similarly. For eacht € {—T,...,—1} and C € C with v;, € vbl(C)
we define & ¢ as the event “ the assignment on v;, is updated to x or a,galse(v) in the t-th for iteration
in Algorithm 5”. By Item (1b) of Lemma 4.15, ¢;, labeled by C;, appearing in H' implies /\t@i Eo
happens. Recall the definition of A from (5), then we have'?

Pr [P appears in H’] <Pr [627; appears in H' with label Co; for all i € [6/2]]

£/2 £/2
<Pr /\ /\ ghczi =Pr /\ /\ ghczi
i=11t€eq; =1 teegi,vit eM

/2
<II II (B Dulofie®)) + (B —1)(I20] - 2))
1=1 vevbl(Ca; )NM
(since (e2;)ie|e/2) are pairwise disjoint and by Item (2) of Lemma 4.4)

2/2 L
< [ (42 wbi(Coi) )72 < T (A [vbi(Cy)) "
i=1 =1

(since A2\ < 1/16 and by (8))

Now it suffices to union bound over all possible paths, i.e., Pr[£] < Y, Pr [P appears in H’']
where P is some fixed path ey, ..., e, € E¥* with labels C, ..., C satisfying Item (a) (b) (c) above.
First by Item (c), there are at most n possible tmax(e1). Then by Item (1) of Fact 4.13 there are
at most d possible C} given tmax(€e1). By Item (2) of Definition 4.12 this determines (e1, Cy). Now
given (e1, C7), we enumerate the rest of the path by a rooted tree T (e1, Cy) constructed as follows:

e T (ey1,C1) has depth 2(¢ — 1) and the root is labeled with (e1, Ct).

e Given a node z with label (e;, C;),i € [¢ — 1], we construct the next two layers differently.

— For each C;11 € C with vbl(C;) Nvbl(Ci11) # (), we create a child node 2’ with label C;yq
and link to z.

12We remark that for the third inequality below, we do not assume any independence between &£ ¢. For example,
if t1 < t2, then Pr &, oy A Ery,00] = Pr(&ey,c4]  Pr[€i,,0, | Etr,0,] and then we apply Item (2) of Lemma 4.4 twice.
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(' has at most A possibilities.)

— For each 2/, assume its label is C;;1. We find some e;;1 such that e; N e 1 # 0
and (e;41,Ci11) is an extended constraint, and then create a child node z” with la-
bel (62'4_1, Cz‘+1) and link to 2’.

(2", given 2/, has at most 2 - |vbl(Cj4+1)| possibilities by Item (2¢) of Fact 4.13.)

— We move to each z” and repeat the construction.

Each leaf of T (e1, C1) represents a path P which satisfies Item (a) (c) already, and
e cither, P does not satisfy Item (b) and thus does not contribute to the union bound;
e or, P is valid and Pr [P appears in H'] < [['_; (4A [vbI(Cy)]) ™" as above.
Now we put weight on each internal node z of 7 (e1,Cy) as follows:
e If 2 has label (e, C), then its weight is w(z) = (vV2A)7L.
e Otherwise z has label C, then its weight is w(z) = (2v2- |vb|(C’)|)_1.

This means Pr [P appears in H'| < (4A) 7! [Listernal node » in p W(2) for each valid P in T (e1,C1)
where the (4A)~! factor is because there are only £ — 1 internal nodes for each case along the path.
Thus

Z Pr [P appears in H'| < Z (4A)7t H w(z)

valid P in 7T (e1,Ch) valid P in T (e1,Ch) internal node z in P

<At Y II w(z)

P in T (e1,C1) internal node z in P

< (V)7 an) = 2721,

1

where the last inequality can be proved by induction on the depth and noticing (v/2 - w(2))™! is at
least the number of child nodes of z for each internal node z € T (e, C1).
Putting everything together, we have
Pr[&] < Z Z Pr [P appears in H']
valid (e1,C1) valid P in T (e1,Ch)
<nd-27°/(24) ((e1,C1) has at most nd choices)
§n-22_% <dn-27 . (since £ > =3+ [T/(n—1)] and d < A)
O

4.2 The Distribution after BoundingChain Subroutines

Recall in AtomicCSPSampling (P, M) (Algorithm 4), we keep doubling T and performing the cor-

responding BoundingChain(®, M, —T r_p,... ,r_1) until the returned assignment has no x on M.

Thus before we present the FinalSampling subroutine, we pause for now to analyze these Bound-

ingChain calls in a whole.

Definition 4.16 (Projected Distribution). Given an atomic CSP ® = (V, (2, Dy),cy ,C) and a

marking M C V, let A = (T erq Qo) X {*}V\M and define the projected distribution p™ € R® by
M) = Pr [o/(M)=0(M)] foralloecA.

’ o€
9 ~HTrue
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We will show the distribution after all BoundingChain subroutines is exactly p™.

Proposition 4.17. If eaA < 1, eA%p < 1/32, and A%\ < 1/16, then the while iterations in
AtomicCSPSampling (®, M) halts almost surely and the final assignment & has distribution ™.

We introduce and analyze the following SystematicScan(®, M, oin, L, R, 71, ..., rg) algorithm,
then show it couples with BoundingChain.

Algorithm 7: The SystematicScan algorithm
Input: an atomic CSP & = (V, (20, Dy) ey ,C), a marking M C V' an assignment
Oin € (HUGM Qv) X {*}V\M, a starting time L, a stopping time R, and
randomness tapes rp,...,TR.
Output: an assignment o € (] e ) X (VM.

1 Initialize o < oi,

2 fort =L to R do /* Assume V = {vg,...,vp—1} */
3 it <t mod n, and o(v;,) < /* Update o(v;,) in this round */
4 D, = (Vt, (o Dolo)vevs ,Ct) < Component (&, M, o, v;,)

/* Ignore the returned Token since it is always True here */

5 if v;, € V'\ M then Continue

6 else

7 o' < RejectionSampling (®y, 1)

8 Update o + o'(v;,)

9 end
10 end

11 return o

4.2.1 Convergence of SystematicScan

We first show SystematicScan converges to ™. We set up basic notations for Markov chains.

Let A be a finite state space; for our purpose it will be (HveM Qv) X {*}V\M. We view any
distribution p over A as a horizontal vector in R* where >, pu(a) = 1 and p(a) > 0 holds for all
a € A. We denote 1, € R? as the point distribution of a € A, i.e., 1,(b) =1iff a =b.

A Markov chain (X;),~q over A is given by its transition matrices (P;),~, where each P, € RAXA
has non-negative entries and ZbGA Pi(a,b) = 1 for all a € A. Then X, = XoPoP;y---P;_; where
Xo € R? is the starting distribution. In particular,

e if P, =P for all t > 0, then (Xt)tzo is a time homogeneous Markov chain given by P;

o if (Pt),5q are possibly different, then (X;),5 is a time inhomogeneous Markov chain.

Assume (X}),~ is a time homogeneous Markov chain over A given by transition matrix P. We
say P is

e irreducible if for any a,b € A, there exists some integer ¢ > 0 such that P!(a,b) > 0;

e aperiodic if for any a € A, ged {integer t>0 ‘ P!(a,a) > 0} =1;13

o stationary with respect to distribution p if uP = p;

13gcd stands for greatest common divisor.
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o reversible with respect to distribution p if p(a)P(a,b) = u(b)P(b,a) holds for all a,b € A.
Here we note the following two classical results.

Fact 4.18 (e.g., [LLP17, Proposition 1.20]). If P is reversible with respect to p, then P is also
stationary with respect to p.

Theorem 4.19 (The Convergence Theorem, e.g., [LP17, Theorem 4.9]). Suppose (Xi);~, is an
irreducible and aperiodic time homogeneous Markov chain over finite state space A with stationary
distribution p and transition matriz P. Then for any Xo, we have limy_, 4o, Xy = .t

Now we turn to SystematicScan and follow the notation convention in Algorithm 7: V =
{vo,...,vp—1} and 7, =t mod n. Recall we also fix A = (HveM QU) X {*}V\M.

Definition 4.20 (One-step Transition Matrix). For any ¢ € {0,...,n — 1}, define the one-step
transition matriz on v; € V as P; € RA*A where

Pi(c1,02) = Pr [o'(M) =02(M) | o' (M\ {vi}) = o1 (M \ {vi})] -

O-INlu'True
We first prove some useful facts and also connect one-step transition matrices to SystematicScan.
Proposition 4.21. If eaA < 1, then the following holds.

(1) Each P; is well-defined.

(2) For anyi € {0,...,n—1} and 01,09 € A, we have P;(c1,02) =0 if o1(M \ {v;}) # go(M\
{vi}); and P;(o1,02) > 0 if otherwise.

(8) pMP;, - P, = uM holds for any sequence iy,iz,...,im € {0,...,n — 1} of finite length m.
(4) For any L < R and oi,, SystematicScan(®, M, oin, L, R, 71, ...,TR) halts almost surely over
random rr,...,rr and its output distribution is =15, P; Py oo Pip.

Proof. First we prove Item (1) (2). For any fixed i € {0,...,n — 1} and o1 € A, define assignment
o by setting (V' \ {v;}) = 01(V \ {v;}) and o(v;) = . Then for any oy € A we have

! C‘U
g N/J’True
where C|, is defined in Definition 2.5. Thus Item (1) is equivalent to ,uf-‘r‘;e being well-defined, which

follows from Proposition 3.3. Since o(M) has no x, /(M \ {v;}) = (M \ {v;}) = o1 (M \ {v;}).
Thus the first part of Item (2) follows naturally. As for the second part, if o1 (V\{v;}) = o2(V\{vi}),

then
Pry ¢ [0/(M)=02(M)]
Pi(o1,02) = Pr,, e [o/(M\A{vi}) = o1 (M\{vi})] .

ue

Clog

Thus P;(01,02) > 0 iff the enumerator is positive, which is equivalent to pq,72

and is, again, guaranteed by Proposition 3.3.

Now we prove Item (3). Since p™P; ---P; = (,uMP,-l) Pi, - - Ps,,, it suffices to show for
m = 1 and then apply induction. By Fact 4.18, it suffices to show for each ¢ € {0,...,n — 1}, P; is
reversible with respect to ,uq"", i.e.,

being well-defined

,uM(al)Pi(al,ag) = /LM(O'Q)PZ‘(O'Q,O'l) for any 01,09 € A. (10)

The convergence is entry-wise.
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By Item (2), we may safely assume o1(M \ {v;}) = 02(M \ {v;}) and observe that

1M (01)Pi (01, 02)

C Pr M) = (M) gt M) = 020 (by (9)
" o — O P, e MO {ud) = o1 (MO {ui)) '

/ . Pro’wu%ue [OJ(M) =01 (M)]
= Bn M) = M) 5 O o) = oM T

= M(02)Pi(02, 01).

Finally we turn to Item (4). By induction on R, it suffices to verify for L = R =t € Z that
15, Pi, = Pi,(in,-) is the distribution of ooyt < SystematicScan(®, M, oin,t,t, 7). Similarly as
above, define assignment ¢ by setting o(V \ {v;,}) = oin(V '\ {v;,}) and 7 (v;,) = *. Then for each
o € A we have

Pit(o-im/o-\) = PIé‘N [OJ(M) = /O-\(M)] .
o'~ e

Now we consider two separate cases.

o Then o/(M) = 5(M). Thus P;,(0in,0) equals 1 if & = oj,; and equals 0 if

otherwise. This agrees with ooyt = i, from the algorithm.

. Let &; = (Vt, (3, Dolz)vey, ,Ct) be from Line 4. Then by Item (2) of Proposition 3.3,

we have

Pr e [o'(i) =a(vi,)] a(V\{vi}) =a(V\{v,}),

True
0 otherwise.

Pr oot = 0] = {

By Item (4) of Proposition 3.1, Pr_, c, [0'(vi) =0(v;,)] = Pr , ;5 [0'(v;,) = 7 (vs,)].

True U'NMTme
Thus
~ Pr 1.0, Cle [U/(Uit) = 8(”%)] 8(‘/ \ {Uit}) = G(V \ {U'it})7
Prloow = 0] = TP e
0 otherwise
= PIé‘ [0'(M) =5(M)] (since & € A and o' (M \ {v;, }) = 5(M \ {v;,}))
U’NHTri
= P’it (Uina 3) D

Item (4) of Proposition 4.21 shows SystematicScan is a time inhomogeneous Markov chain.
General theory regarding time inhomogeneous Markov chains can be much more complicated but
luckily we can embed this one into a time homogeneous Markov chain.

Lemma 4.22. Assume eaA < 1. Let L and oin € A be arbitrary. Define up = 15, P, - P;
Then imp_, o0 pir = p1.

Proof. Let F = Py, ---P;, . . Since iy =t mod n, the one-step transition matrices repeatedly
applied to 1, has period n. Hence pp =1, F"if R=L+m-n—1and m > 1. Let Yy = 1,
and Y, = YoF" for ¢t > 1, then (Y;),5, is a time homogeneous Markov chain with transition matrix
F. Here we verify the following properties of F.

R*

e STATIONARY WITH RESPECT TO M. This follows immediately from Item (3) of Proposition 4.21.
H y p
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e APERIODIC. By Item (2) of Proposition 4.21, for any i € {0,...,n — 1} and any o0 € A we
have P;(o,0) > 0. Thus F(o,0) > 0 which implies F is aperiodic.

e IRREDUCIBLE. Let 01,09 € A be arbitrary. For each j € {0,...,n}, define 07 € A by

O'j(’U'/) _ O'2('Uil) i/ € {iL7"’7iL+j—1}7
' o1(vyr) otherwise.

Then o1 = 0¥ and o9 = ™. Moreover PiL+j(0j,aj+1) > 0 for all j € {0,...,n — 1} by Item

(2) of Proposition 4.21. Thus F(o1,02) > Py, (6%, 0P, (01, 02) -+ Pi,,, (6" 1, 6™) > 0.

Therefore by Theorem 4.19, lim, 400 fbr+mn—1 = liMy— 400 Y = uM. Since each P; is stationary
with respect to ™ by Item (3) of Proposition 4.21, for any finite integer o > 0

im  primn—140= < lim ,uL—I—m-n—1> Pip - Pipo, = pMP;, - Pirio1 = M.

m——+00 m——+00

Hence impg_, o0 pig = p". O

4.2.2 Coupling from the Past and the Bounding Chain

We have showed SystematicScan converges to distribution ™, but to obtain a sample distributed
ezactly according to ™ we need to run for infinite time. The trick for making it finite is to
think backwards. That is the idea of coupling from the past [PWI6]; then the bounding chain
[Hub98, HN99] is used to make the process more computationally efficient.

Let P € RMA be some transition matrix. We say f: A x [0,1] — A is a coupling of P if for
all a,b € A, Pr,_po1)[f(a,7) =b] = P(a,b). We use random function f": A — A to denote the
coupling f with randomness r, i.e., f"(a) = f(a,r) for all a € A.

Recall our definition of P; from Definition 4.20 and i; = ¢ mod n from Algorithm 7.

Lemma 4.23 (Coupling from the Past). Let fi: A x [0,1] — A be a coupling of P;, for allt € Z.
Define random functions Fr r: A — A over random (1), for —oo < L < R < +00 as

Fr r(a) = f;zR (fg:l ( - EL(CL) . )) for all a € A.

Let M > 1 be the smallest integer such that F_pr 1 is a constant function. Let A = F_pr_1(A) be
the corresponding constant. Then F_pp _1(A) = A for any M’ > M, and A is distributed as pMoif
M < 400 almost surely.

Proof. Since P; = P;4,, for any integer ¢ > 1 and all a,b € A we have
Pr(F g 1(a,0)] = 14 (P_uP_pi1---P_1) 1 =1, (PoPy---Pp1) 1] = Pr[Fyn_1(a,b)].
Thus for any a,b € A, by Lemma 4.22 we have

lim Pr[F_ s, _1(a) =b = lim Pr[Fye,_i(a) = b = p ().

L——+o00 l——+o0

On the other hand for M’ > M, F_pp _1(A) = F_p,—1 (Fopr—m—1(A)) = A. If M < +o0 almost
surely, then we have

Pr(A=0b]= lim Pr[F s, 1(a)=0b] = ™). O

{—~+o0
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Therefore to obtain a perfect sample from p™*! we only need to (1) design a coupling, then (2)
sample randomness tapes (7¢),~,, and lastly (3) find some M’ > 1 such that F_j; _q is a constant
function and output the corresponding constant. Now we show in the following Algorithm 8 that
Algorithm 5 implicitly provides a coupling for (1) and an efficient way to check (3).

Recall A = (JT,cp Qo) X {x}V"M We define A* = (T B) x {x}V"M_ Then we construct
gi: A* x [0,1] — A* for each i € {0,...,n — 1} as follows. We also remark that this coupling is
information-theoretic and is for analysis only.

Algorithm 8: A coupling g;: A* x [0,1] — A* for each i € {0,...,n — 1}
Input: an assignment oj, € A* and a randomness tape r € [0, 1].
Output: an assignment oo, € A*.
Data: an atomic CSP ¢ = (V, (20, Dy) ey ,C), a marking M C V, and an index
i€{0,...,n—1}. Assume V = {vg,...,v,-1}.
1 Initialize ooyt ¢ oj, and divide r into two independent parts rq, ro
2 if v; € V' \ M then return o
3 Recall 3 = 3(®, M) from (3) and define distribution D}, over . by setting

*( )_ maX{O,l—B-(l—Dvi(q))} quvia
T = S en,, D) a=x

4 Sample c; ~ Dy using r; and update oou(vi) < c1

5 if ¢; # *x then return oqt

6 (P, Token) + Component (®, M, oout,v;) where &' = (V’, (2 o0ue» Poloou )ver ,C')

7 if Token = False then return og,t

8 Define distribution D:ﬂi over ), by setting D};i(q) = Pro’fvu%ue [0/(v;) =¢q] for q €y,
9 Define distribution D, over Q,, by setting D;, (¢q) = w for g € Q,,

10 Sample cy ~ D;i using 9 and update ooyt (v;) < c2
11 return og,t

We say 01 € oy for some 01,09 € A* if 02(v) € {01(v),+} for all v € V.
Fact 4.24. When 01,09 € A, 01 € 09 iff 01 = 09.
Now we verify the following properties of Algorithm 8.
Proposition 4.25. If e A < 1 then the following holds for g;: A* x [0,1] — A* from Algorithm 8.
(1) All the distributions in Algorithm 8 are well-defined.
(2) gi(o1,7) € gi(o2,7) holds for any r € [0,1] and 01,09 € A* with o1 € 03.
(8) g; restricted on A is a coupling of P;.
(4) For anyt =1 mod n, g; is the same update procedure as the t-th for iteration in Algorithm 5.

Proof. First we prove Item (1). Note that D is the same one as in SafeSampling(®, M, v;,-).
Thus it is well-defined by Item (1) of Proposition 3.4. Now we assume Token = True to check Dli
and D,,.. By Item (2) of Proposition 3.3, D}, is well-defined since (1S, is well-defined. By Ttem (3)

of Proposition 3.4, D} (¢q) < Dli () for any q € Q,,. Hence D;, is also well-defined.
For Item (2), we have the following cases, each of which satisfies g;(o1,7) € g;(o2,7).
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. Then both o1(v;) and o9(v;) are updated to c;.

° ‘cl = % and Token = False for os. ‘ Then o9(v;) is updated to *.

° ‘ c¢1 =~ and Token = True for os.|Since o1 € o, Token also equals True for ;. Moreover they
get the same CSP from Line 6. Thus o1 (v;) and o2(v;) are updated to the same value c,.

Item (3) is obviously true if v; € V \ M thus we assume v; € M. Observe that D} (q) =
D,,.(q) - D}, (%) + Dj.(q) for any q € Q,,. Then Item (3) follows from Item (4) of Proposition 4.21
with L = R =i.

Finally we prove Item (4). Assume v; € M since otherwise it is trivial. To obtain the pseudocode
in Algorithm 5, we reorganize Algorithm 8 by first set ooyt < * and call Component (®, M, oout, v;),
then based on the value of Token we either (A) sample ¢; only then update oou(v;) + c1, or (B)
sample both ¢; and ¢y then update oout(v;) < 1 if ¢1 # *; and ooyt (v;) < ¢ if otherwise. The
former is SafeSampling, and the latter, executed jointly, is exactly RejectionSampling as we analyzed
for Item (3). O

One more ingredient we need is the following well-known Borel-Cantelli theorem.

Theorem 4.26 (Borel-Cantelli Theorem, e.g., [GS01, Section 7.3]). Let T be a non-negative random
variable. If S°F% Pr [T > i] < 400 then T < +oo almost surely.

Now we are ready to prove Proposition 4.17.

Proof of Proposition 4.17. Assume the while iterations in Algorithm 4 stop at T' = TFjnal or TFinal =
400 if iterations never end. Since each iteration halts almost surely by Proposition 4.5, Trjha is
well-defined almost surely.

Let V = (vg,...,v,—1) and define i =t mod n for all ¢ € Z as in Algorithm 5. Define random
functions G r: A* — A* over random (7)o for —0o < L < R < +00 as

Grr(a) =g (97 (- gi(a)--+)) forall a € A%,

where g; = g;, : A* x [0,1] — A* is from Algorithm 8 and gf (-) = g¢(-, 7).

Let M; > 1 be the smallest integer such that G_p;,—1 is a constant function on A, i.e.,
G_wmy,—1(A) = A. By Item (3) of Proposition 4.25 and Lemma 4.23, G_pp 1(A) = A for all
M > My, and A is distributed as pMif My < 400 almost surely.

Let Ms > 1 be the smallest integer such that G_ M27_1(*V) € A. Tteratively applying Item
(2) of Proposition 4.25, we know G_pz, —1(A) € G_pp, —1(x"). Then by Fact 4.24, G_pp, —1(A) is
constant. Thus My > M; and G_Mz,_l(*v) = A.

By Item (4) of Proposition 4.25, BoundingChain(®, M, —T,r_r,...,r_1) equals G_r _1(x"),
which means TFinai > Ms. Thus the final assignment & equals A and has distribution ™ provided
TFinal < 400 almost surely.

Now we only need to show Tfjna < +o0o almost surely. Note that either Trjny = 1 or, by
Algorithm 4, BoundingChain(®, M, ~TFinal/2,7 1y, /25 T—1) = G—TFina|/2,—1(*V) ¢ A. Thus
Trinal < 2 - My, which means it suffices to show My < +oo almost surely. By Item (3) of
Proposition 4.25 and the analysis above, G_i,_l(*V) = A € A for all i > Ms; thus

400 oo
d PriMy>i<2n—1+ Y Pr[G 1(+")¢A]
i=0 i=2n—1
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+oo
=2n—1+ Z Pr [BoundingChain(®, M, —i,r_;,...,7_1) ¢ A]

i=2n—1
+00 )
<2n-1+ Z 4n 277 < 400, (by Proposition 4.5)
1=2n—1
as desired by Theorem 4.26. O

4.3 The FinalSampling Subroutine

Finally we give the missing FinalSampling(®, M, 7) subroutine, which simply completes the as-
signment on V' \ M for &.

Algorithm 9: The FinalSampling subroutine
Input: an atomic CSP & = (V, (20, Dy) ey ,C), a marking M C V, and an assignment
5 € (TMoemt Q) x {1
Output: an assignment o € a%ue
1 9, = (V,, (3, Dolz) ey, ,Cy) ¢ Component (®,M,5,v) forall v e V
/* Ignore the returned Token since it is always True here */

Initialize V' < ()

while Jv € V\ V' do
0y < RejectionSampling (®,,r,) /* r, is a fresh new randomness tape */
Assign o(V,) < 0,(V,) and update V' < V' UV,

end

return o

N O o WN

We observe the following results regarding Algorithm 9.
Lemma 4.27. If eaA < 1, then the following holds for FinalSampling(®, M, 7).

o [t halts almost surely, and outputs o ~ NTIZe when it halts.

e Iis expected total running time is at most O <k:dQ Y ey (1= ea)_|c“|).

Proof. All the ®,, can be easily constructed with one pass of C and V which takes time O (k|C| + |V]).
By Proposition 3.3, each iteration of Line 4 halts almost surely and generates o, ~ ,u%ue in

expected time O <(k:Q ICol + Q) - (1 —ea)” |C”|>. Therefore FinalSampling halts almost surely and
its expected total running time is at most

O | klc| + V] + > (kQ |Csl + Q) - (1 — ear) I

v needed by Line 4

=0 <k!C! HIVI+Y w (11— ea)_|c”|>

veV ‘ v’

<de d ~lC| > . (since |Cy| < d|V,| and [C| < d|V])

veV
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Moreover when FinalSampling halts, by iteratively applying Item (4) of Proposition 3.1 we have
Cy _ C|§
o~ H HTrue = HTrue: O
v needed by Line 4

Combining Proposition 4.17, we analyze the performance of Algorithm 9 in Algorithm 4.

Proposition 4.28. If eaA < 1, eA%p < 1/32, and A%\ < 1/16, then the following holds for the
FinalSampling in Algorithm 4.

e [t halts almost surely, and outputs o ~ ,u%ue when it halts.

e Iits expected running time is at most O (A*kQA|V|).
Proof. By Item (1) of Lemma 4.27, it halts almost surely. Fix an arbitrary o’ € a%ue. Define o by

setting 7(M) = ¢’(M) and 5(V \ M) =« M. Combining Proposition 4.17 and Definition 4.16,
we have

~ Clz ~ Clz
Pr (o =0'] = y™M(@) - 45 (0) = Pr [5(M) = o'(M) M (@)
o~ True
_ ~ _ ~ c _ Clz
B 8~H13:v D, [FM) = o"(M) |7 € ] o"NH]j:/ Dyls [0// =ojole UT“JG}

PraNHveVDv [E(M) = O'/(M), o c O-'(I:'rue] PrU"NHueva‘E [O‘” = O'/]

N ~ C : - .
PrUNH'UEV Dv [U c UTrue] PI.O-,,NH/UEVD'U|E |:O-// 6 0T|rue]

By Definition 2.5, D,|5 equals D, if v € V'\ M; and equals the point distribution of ¢’(v) if v € M.
Let o ~ HveV\M D, and o2 ~ [[,cr Do be independent. Then

Prov 1, v Duls [0 " =0l __Pr,, o1 = ' (VAM)] (o represents vector concatenation)
Pros 1, . Duls [0’” € Jﬂﬁe} Pr,, [0’1 00'(M) € o907,
Pr,, o, [01 = ' (V \ M), 03 = ¢/ (M)]
02 =0 '(M)]

(since o1, 09 are independent)

o
rue’

Pry, o, |01 00" (M) € ag

Pry, o, [01 002 = 0]

_ o
Pry, o, (01002 € 070,02 = O'/(M)}

Prsr1,., p, [0 =0

Prs [,y D [3 € o7, F(M) = U’(M)]

True’

_ PraNHveV Dy [& = OJ]
Prs [1,cy D, [0 € e 0(M) = o' (M)]

Clz
True

where the last equality is because when o(M) = ¢/(M), we have 5(M) = (M) and thus 7 € o
iff 7 € O'%ue. Hence in all, we have

Pr;. [0 = 0]
o ~[l,ev Do o ~_ I C _ ., C /
Pr [0 - J] - PraNHUeVDu [a: c U‘?’rue] - GNH];:::'V Dy [0 =0 |O- € UTrue] - :uTrue(J )

as desired.
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Note that y™ is a stationary distribution for P; by Item (3) Proposition 4.21. Meanwhile by
Item (4) of Proposition 4.25, the ¢-th for iteration in BoundingChain is a coupling of P;,. Thus
in FinalSampling, upon receiving & which has distribution ™, we can execute |V| more rounds
of Line 3-11 in Algorithm 5 on ¢ using fresh randomness, and the resulted assignment still has
distribution p™. In other words, we may safely assume the last |V| rounds of update in the
final BoundingChain procedure are all using RejectionSampling. Thus each |C,| in Lemma 4.27 also
satisfies the concentration bound in Proposition 4.11. By a similar calculation in the proof of the
efficiency part of Proposition 4.5 and noticing |C| < d|V|, the expected running time here is at most

+00 -1
0] <d2kQ]V\ > <%> A 4“1) = O (d®kQA|V]). O
/=1

4.4 Putting Everything Together

Now we put everything together to prove our main theorem.

Proof of Theorem /4.1. The correctness part follows immediately from Proposition 4.28 and Proposition 4.17.
Thus recall measures defined in Definition 2.1 and we focus on the efficiency part.
e Let X be the total running time of AtomicCSPSampling (P, ).
e Let A be the time for computing 5(®, M) in (3). Then A = O(k|C|) < O(dk|V)).
e For integer ¢ > 1 and j € [i], let X;; be the running time of the (—j)-th for iteration in
BoundingChain(®, M, —i,r_;, ..., 7—1). Then E [XZ?,]} =0 (dk‘2A5Q2) by Proposition 4.5.
e Let Tfjna) be the T when the while iterations stop. Then by Proposition 4.5, we have
Pr [Tina > t] < 4|V|- 27Vl for t > 2|V| — 1.
e Let Y be the running time of the FinalSampling in the end. Then by Proposition 4.28 we have
E[Y] = O (*kQA|V]).

Therefore we have X = A + Ei(féTFi”a') 23;1 Xot j+ Y and

+oo 2t
E[X] =E[A +E[Y]+ > ) E[Xa; - [Trinal > 2']]

=0 j=1
+oo 2t

< E[A]+E[Y]+ Z Z \/IE [th’j] Pr [Trina > 2¢ (by Cauchy-Schwarz inequality)
=0 j=1
m 2t +oo 2t

<EA+E[Y]+> Y \/E [th,j] + Y Y \/E {th,j} Pr [Trina > 2]
=0 j=1 t=m+1 j=1

(m > [log(2|V| — 1)] to be determined later)

400 ot
<0 (d%QA\Vy + \VdR2APQ? - <2m +VIV] D> 2 2—v>> :

t=m-+1

5 Technically we also need to initialize the randomness at Line 1 of Algorithm 4, and check for Line 5 in Algorithm 4,
and initialize the assignment at Line 1 of Algorithm 5. However these can be done on the fly and their cost will be
minor compared with the parts we listed.
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We pick m = [log(|V]) + loglog(|V'|) + 10] then

+00 ot +o0 2% x
2+ /[V] YD 2 <2m 4 /Y] / 2""Wdg (2" is decreasing when 27 > %)
t=m+1 "
VI i ince (0 2% ) = 2%
=2m 4+ /[V]- 1112(2) .27 VI (since (ln ?2) . n> =2"""n)

= O (|V[1og(|V1)) -
Since d < A, we have E[X] = O (kQA3|V|log(|V])). O

Remark 4.29. Computing higher moments of X; ;, Y and using possibly stronger assumption, one
can improve the dependency on k, A, Q in the expected running time. However we view these as
constants compared with |V|. Thus we do not make the effort here.

5 Applications

Here we instantiate Theorem 4.1 to special CSPs. We will use the following algorithmic Lovasz
local lemma for constructing the marking M.

Theorem 5.1 ([MT10]). Let ® = (V,(Qy,Dy),ey -C) be a CSP. If epA < 1, then 0%,,0 # 0 and
there exists a randomized algorithm which outputs some o € 0%, . in time O(kA|V'|) with probability
at least 0.99.

We define the smooth parameter of a CSP & by

Dy(q)
= ¢ = .
r= (@) = max max o5

(11)
Note that x(®) > 1 always. When context is clear, we will simply write &.

5.1 Binary Domains

Let M C V be a marking. We specialize «, 5, A when all domains are of size 2.

o o= (P, M) = maxcgec a(P, M, C) where

a(®, M, C) = H DU(UI%Ise(U));
vevbl(C)\ M

e When ea < 1, define

— B=PB(®,M)=(1-ea) < (1-ea)?;
— A= \P®, M) = maxcec AP, M, C) where

A(@,M,C) = [vbl(C)[?- pMNOME TT Dy (0fise (V)
vevbl(C)NM

By Remark 4.2, we will use the following version of Theorem 4.1.
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Theorem 5.2 (Theorem 4.1, Binary Domains). Let ® = (V, (Qy,Dy) ey ,C) be an atomic CSP
such that |Qy| =2 for allv € V. Let M CV be a marking. If

e a(®,M,C)-A<1 and A? NP, M,C)<1/100 for all C €C,
then the following holds for AtomicCSPSampling (P, M).

e CORRECTNESS. It halts almost surely and outputs o ~ ,u%ue when it halts.

e EFFICIENCY. Its expected total running time is O (kA3|V|log(|V])).
We now construct a valid marking when the underlying distributions are arbitrary.

Lemma 5.3. Let ® = (V,(Qy,Dy) ey ,C) be an atomic CSP such that || = 2 for allv € V. For
any ¢ € (0,1), if p¥ - A <0.01 - {/k where

3 9¢ + In(r + 1) — /(5 +1) +6 - (1 - 3¢) In(r + 1)
v = 5 ,

then there exists a marking M CV such that
e a(®,M,C)-A<1 and A? NP, M,C)<1/100 for all C € C.
Moreover M can be constructed in time O(kA|V'|) with success probability at least 0.99.

Proof. For each C € C, define pc = [[,evpi(c Dy(08, o (v)). Then p = p(®) = maxcec pc. Mean-
while by the definition of &, we know (1/(k + 1))l < po < (k/(k + 1))V Thus

In(1/pc)

< — "
VBl < In(1+ 1/k) 12)
Since 2¢ > ¢ In(x) holds for any = > 0, we also have
In(1/pc) < pgt/C. (13)

Let n,7 € (0,1) be parameters and M be the marking to be determined later. We will ensure
1—n—7>0and n—7—3¢ >0. For each C € C, let £ be the event (i.e., constraint)

Eo="m| J[ Dulofie®)] —nlnlpc)| > 7In(1/pc) .
vevbl(C)NM

Now we check e - a(®, M,C)-A <1 and A?-\(®, M,C) < 1/100 assuming no - happens. Since
vbl(C) is the disjoint union of vbl(C') N M and vbl(C) \ M, if Ec does not happen, then

a(®,M,C) < plc_"_T < pl7 T,
Since (1 — z)~Y/* < 4 holds for any = € (0,1/2], we have

K+ 1
K

¢
B<(1- e-pl—”—T)‘A < 4ePTTTA < ( > if 2eIn(2)-p' ™" T-A < CIn(141/k). (14)
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Note that 2eln(2) - p!=7"7- A < ¢-In (1 + 1/k) already implies e - a(®, M, C) - A < 1. Combining
(12), (13), and (14), we also have

B 1112(1/]90) _pn—T—C pU—T—?’C pn—T—?’C
A(®,M,C) < [vbl(C)|? - gIOpIT < < < :
( ) < MO Ao < *(1+1/k) = CW*(1+1/k) = (In*(141/k)

Therefore A% - \(®, M, C) < 1/100 is reduced to A2 - p"~7=3¢ < 0.01 - ¢2 - In*(1 4 1/x). In all, it
suffices to make sure 1 —n—7>0,n—7— 3¢ > 0, and

2eIn(2) - p!™" T A< (-In(14+1/k), and A% p7 7736 <0.01-¢% In?(1+1/k). (15)

Now we show how to set 7,7 and construct M to make sure no £z happens. We put each
v € V into M independently with probability n. For each v € V, let z, € {0,1} be the indicator
for whether v is in M. Then

Eo=“| Y 2, (1/Dy(08e(®)) —E | Y @ln(1/Du(0Ge(®)) || > 7In(1/pc) 7.
vevbl(C) vevbl(C)

By Hoeffding’s inequality [Hoe94, Theorem 2|, we have

—2721n%(1/pc) }
ZvabI(C) In® (UDv(UFCalse(U)))

Pr[&c] < 2exp {

ex —27'21n2(1/pc) e definition of k

= p{1n<m+1>-zvevb.<c> ln(l/mag.se(v)))} (b the defiition of
—2721n

— 2exp {W} (since In(po) = X evsiicy In (Do (01 (1))

—9. pérz/ln(/i—i-l) <9. p27—2/1n(/€+1).

Since vbl(E¢) = vbl(C') and thus it correlates with A many Ex (including itself), by Theorem 5.1
we can construct M (i.e., (x,),cy ) to avoid all £¢ in time O(kA|V|) with probability at least 0.99

as long as
%2¢ .p27'2/ln(/i+1) A<,

Now we set = (2 — 7+ 3¢)/3 and

“In(k+ 1)+ /I3 + 1) +6- (130 Itk +1) 1 3¢
<
6 >

T =

sothat 1 —n—7, (n—7 —3¢)/2, and 27%/In(x + 1) all equal

) “In(s 4 1) + /In%(5 + 1) + 6 (1 - 3¢) In(r + 1)
s —C— > 0.

3 9

Then all the conditions in (15) boil down to p? - A < 0.1 -¢ -In(l + 1/k). Since £ > 1 and
In(1 4+ z) > 0.1z for all z € [0,1], we can safely replace In(1 + 1/k) with 0.1/x as desired in the
statement. O

’Y:
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Note that whether M satisfies the conditions in Theorem 5.2 can be easily checked in time
O(k|C]) = O(kA|V]) by computing a(®, M, C) and A(®, M, C) for each C' € C. Thus we can keep
performing Lemma 5.3 until the marking M is valid and then we run AtomicCSPSampling (P, M).
This provides a Las Vegas algorithm as below.

Corollary 5.4. There exists a Las Vegas algorithm which takes as input an atomic CSP ¢ =
(V, (20, Dy) ey ,C) and a parameter ¢ € (0,1) such that the following holds.
If |2, = 2 holds for allv e V and p7 - A < 0.01 - (/k where

3 9¢ + In(r + 1) — /(s +1) +6 - (1 - 3¢) In(r + 1)
v = ,
9

then the algorithm outputs a random solution of ® distributed perfectly as u%ue in expected time
(@] (k:A3|V| log(|V|)).

Remark 5.5. One natural choice of the underlying distributions is the uniform distribution. In
this case kK = 1. By setting ¢ — 0, we have

3+ 1n(2) — y/In%(2) + 61n(2)
v = 9 > 0.171.

For example we can set ¢ = 1070 and the local lemma condition is simply p®17' - A < 10712 /K. In
Lemma 5.15 we will optimize it to 0.175 by a tighter concentration bound.

5.2 Large Domains: State Tensorization

Here we formally introduce the state tensorization technique, generalizing state compression from
[FHY20]. This, as emphasized in Subsection 1.3, allows us to transform a large domain into a
product of binary domains.

Let Q be a finite domain of size at least 2 and D be a distribution supported on Q. A state
tensorization for (2, D) (See Figure 2 for a concrete example) is a rooted tree 7 where

e 7 has |Q| leaves and each internal node of 7 has at least two child nodes;

e the leaves of 7 have a one-to-one correspondence with elements in €.

For each node z € T, let leafs(z) be the set of leaves in the sub-tree of z. Then leafs(rt) =  for
root rt. For each internal node z, we use childs(z) to denote its child nodes. For any 2’ € childs(z),
we use z — 2’ to denote the edge from z to z’. Moreover, we define the weight of z — 2’ as

quleafs(z’) D(Q)
quleafs(z) D(Q)

W(z—2)= (16)
It is easy to see the total weight of outgoing edges of any internal node is 1.

If |©2] = 1 and thus D is the point distribution, then the state tensorization 7 for (€2, D) has
two nodes z and 2z’ where z is the root and 2z’ is the only leaf and W (z — 2/) = 1.

For each ¢ € €2, we use path(g,7) to denote the set of internal nodes in 7 on the path from the
root to the leaf z that corresponds to ¢q. For example in Figure 2, path(b, T) = {z0, 21, 23 }.

We first observe the following fact regarding edge weights in 7.

Fact 5.6. Let ¢ € Q be arbitrary. Let path(q,T) = {20,...,2¢} and zp11 be the leaf node corre-
sponding to q. Assume 2, ..., zp+1 s in the root-to-leaf order. Then D(q) = Hf:o Wz = zi+1).
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State tensorization T for (2, D)

a b &

Figure 2: One example of T for (2,D) where Q = {a,b,c,d,e, f} and D(a) = D(b) = D(c) =
1/6,D(d) = D(e) = 1/10,D(f) = 3/10. We omit the leaf nodes.

Proof. By (16), we have

‘ D) Eyeteatszrnn) Pd)
W(ZZ' 2 1 q ’€leafs(zi41) _ q'€leafs(zp41) _ ,D(q) ]
g " H Zq "leafs(z;) D( ,) Zq’eleafs(zo) D(q,)

Now we move to atomic CSPs and show formally how state tensorization helps reduce domain
sizes.

Definition 5.7 (Tensorized Atomic Constraint Satisfaction Problem). Let ® = (V, (Qu, Dy),ey ,C)
be an atomic CSP. Let (7;),cy be state tensorizations where each 7, is a state tensorization for
(Qy,Dy).'® We construct ®® = (Z,(Q,D.),c,,C%) as the tensorized atomic constraint satisfac-
tion problem:'7

e 7 is the set of internal nodes of all 7.

e For each z € Z, Q, = childs(z) and D, is a distribution supported on 2, by setting D,(z) =
W(z — 2') for all 2’ € childs(z).

e For each C € C, we construct C® € C® by setting

vwI(C®) = | path(0f,(v), To)
vevbl(C)

and C®(0) = False iff 0(2) = 2(0,.(v)) for all v € vbl(C) and z € path(cf,.(v)) where
z(q) € childs(z) is the child node of z such that ¢ € leafs(z(q)).'®

For example in Figure 2, we have Q,, = {21, 22} and D,,(21) = 3/5,D,,(22) = 2/5. Assume
constraint C' is false iff d is assigned. Then C'® will have vbl(C®) = path(d, T') = {20, 21} and, for
o€ Dy x Qs XAy x Qs C2(0) iff 0(29) = 21 and o(21) equals the leaf node corresponding to d.

Recall measures defined in Definition 2.1. Here we note some basic facts for Definition 5.7.

6We require each 7, uses different set of tree nodes. So there will be no confusion when using z without explicitly
providing T, 3 z.

" Technically ®® depends on (To) ey which we omit here for simplicity. In addition we remark ®® may have
redundant variables that do not appear in any constraint; this is indeed consistent with our definition of CSPs as we
never require them to shave redundant variables.

18 A ssume path(q, 75) = {zo0,...,2¢} where zo,...,2; is in the top-down order of 7T,. Let z¢41 be the leaf node
corresponding to ¢q. Then z;(q) = z;+1 for each ¢ € {0,...,¢}.
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Fact 5.8. The following holds for ®%.
(1) ®® is an atomic CSP where |C®| = |C| and |Z| = 3", oy | {internal nodes in Ty} | < Q(®)|V].
(2) Q(®®) = max ez |childs(2)| and k(®®) < k(D) - MAXCeC,vevbl(C) |path(a§;|se(v),7;)|
(3) A(P®) = A(®), d(P®) = d(®), and p(®®) = p(®). Moreover for all C € C we have
Pr [C(0) = False] = Pr [C®(c") = False] .

o~ Tyewic) Do o'~[1.ewic®) P=

Proof. Ttem (1) (2) are obvious. Now we focus on Item (3). Note that for any C' € C and v € V,
v € vbl(C) iff the root of T, is in vbl(C®). On the other hand if some internal node z is in vbl(C®)
then all the ancestors of z are also in vbl(C®). Thus A(®®) = A(®) and d(®®) = d(P). The
“moreover” part and p(®®) = p(®) follow from Fact 5.6. O

Now we formally describe how to translate an assignment for ®® into an assignment for ®. For
any o € [[,c; ., we define glrans ¢ [Lcv Q0 by the following process for each v € V:

e We start from the root of 7.

e If we are at an internal node z of Ty, then proceed to its child node o(z) and repeat.

e Otherwise we are at a leaf node, then set ¢ '™"(v) by its corresponding value in €2,,.

Finally we prove the following simple but powerful reduction result.

- ®
Proposition 5.9. If o ~ u$. , then o™ ~ p$ .

Therefore to obtain a random solution of ® distributed perfectly as ,u%ue, it suffices to have a
random solution of ®% distributed perfectly as ,ugﬁje and then perform Trans operation.

Proof. Recall RejectionSampling(®®,-) in Algorithm 2:
(1) Sample o ~ [],c, D..
(2) If C®(o) = True for all C® € C®, then accept o; otherwise resample o.

Obviously o ~ ,u%ﬁje. By the definition of C® in Definition 5.7 and the definition of Trans above,
we have C® (o) = True iff C(c7"") = True. Thus we can safely replace Step (2) by

(2a) If C(c ™) = True for all C € C, then accept o; otherwise resample o.

Trans

On the other hand for Step (1), we can first sample the o part and then complete it to o:

(1a) For each v € V, we start from the root of 7.
— If we are at an internal node z of Ty, then sample o(z) ~ D, and proceed to o(z).
— Otherwise we are at a leaf node, then move to the next variable in V.

(1b) For each z € Z that o(z) is not sampled in Step (1la), we complete it by o(z) ~ D,.

By Fact 5.6 and the definition of Trans, Step (la) is equivalent to sample o @ ~ [I.ev Dy and
o 1" does not depend on the values sampled in Step (Ib). More intuitively, we express this hybrid
argument on rejection sampling through the following equivalence of flow charts:

Step (1) < Step (2) — o 'r"s
equals Step (1a) (1b) < Step (2a) — o™
equals Step (1a) < Step (2a) — Step (1b) — o'
equals  Step (1a) < Step (2a) — o ™",

Trans

where the last line is exactly RejectionSampling(®,-). Thus o ~ ,u%ue. O
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5.3 General Atomic Constraint Satisfaction Problem: Arbitrary Distribution

Now we deal with general atomic CSPs where domains may be large. Firstly we prove the following
lemma which describes a balanced way to construct state tensorization.

Lemma 5.10. There exists a deterministic algorithm such that the following holds. Let € be a finite
domain of size at least 2 and D be a distribution supported on §. Let k = max, ycqD(q)/D(¢).
The algorithm constructs a state tensorization T for (Q, D) where

(1) the algorithm runs in time O(|Q log(|€2|)) and T is a binary tree;

W(z—21)

(2) for any internal node z € T and {z1, 22} = childs(z), we have W)

< max {k, 2}.
Proof. T is constructed like a Huffman tree as follows:

e For each ¢ € Q create a node z, with value val(z;) = D(q). Initialize set S = {z,|q € Q}.
e While [S] > 2,

— select two distinct nodes z1,22 € S with minimum value, i.e., val(z1),val(z2) are the
smallest among all nodes in S,

— create a parent node z of z; and zo; then set val(z) = val(z1) + val(z2) and update
S+ (SU{z})\ {21, 22} Note that W(z — 21) = vallzy) 4nq W(z— 2z) = vallzs),

val(z) val(z)

e The final node in S when |S| =1 is the root of 7.
Then Item (1) is obvious if S is implemented as a balanced binary search tree or a heap.
Now we turn to Item (2). Define x(S) = max, ,/cg val(z)/val(z’) when |S| > 2. Then each time

we select 21,22 € S and link them to z, we have %8123 < K(S). Therefore it suffices to show

k(S) < max {k, 2} throughout the construction.

. Then we simply have k(S) = k.

. Assume S = {z1,22,...,2¢} for £ > 2 where val(z;) < val(z2) < --- < val(zy).
Let 8" = {z,23,...,2} be S after the update where val(z) = val(z1) + val(z2). Now we have
two possible cases.

— If val(z) < val(z), then

A val(zg) val(zy) val(zy) . s {5
w(S) = { val(z2) ’vaI(z;;)} = val(z1) (5) = {2}

— If val(z) > val(z;), then

K(S") = val(z) _ val(z1) + val(z22)

~oval(zz) val(z3) =2 s

By Lemma 5.10, Proposition 5.9, and Corollary 5.4, we have the following theorem.

Theorem 5.11. There exists a Las Vegas algorithm which takes as input an atomic CSP ® =
(V, (20, Dy) ey ,C) and a parameter ¢ € (0,1) such that the following holds.
Let k = max {k,2} (Recall k = k(®) from (11)). If p? - A < 0.01 - (/K where

3—9¢+In(F +1) — /m3(FE+1) +6- (1-3¢) (% +1)
9 Y
then the algorithm outputs a random solution of ® distributed perfectly as u%ue in expected time

O (kA3Q?|V|log(Q[V])).

’7:
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Proof. By fixing the variable which has domain size 1, we may safely assume |[Q,| > 2 for all v € V.

We use Lemma 5.10 to construct 7, for each (£2,,D,). This takes time O(Q(®) log(Q(®P)))-|V]|.
Then let ® = (Z, (2., D), ,C%) be the tensorized atomic CSP (Defined in Definition 5.7). By
Item (2) of Lemma 5.10, we have x(®®) < max {k(®),2}. Also by Fact 5.8, we have A(®?®) =
A(®), p(®®) = p(®), k(®®) < k(®) - Q(®)!, and |Z| < Q(®)|V|. By Proposition 5.9, it suffices
to obtain a random solution of ®% distributed perfectly as uﬁf-ﬁle, which, by Corollary 5.4, gives the
claimed bounds. O

Remark 5.12. Applying Theorem 5.11 to the uniform distributions, i.e., K = 1, and setting { — 0,

we have
3+1n(3) — 1/In?(3) 4 61n(3)
> 0.145.

9
This already beats 1/7 from [JPV20] and 0.142 from [JPV21]. In Corollary 5.18 we will further
optimize it to 0.175 with a more refined construction.

v —

5.4 Hypergraph Coloring

The previous bounds can be improved if the domains are large enough and the underlying distri-
butions are smooth. Here we take the hypergraph coloring problem as an example.

Definition 5.13 (Hypergraph Coloring). Let @ and k be positive integers. Let H = (V, E) be a
k-uniform hypergraph, i.e., each edge e € F contains exactly k distinct variables. We associate it

with an atomic CSP ® = ®(H,Q) = <V, ([Q,u)” ,C) where U is the uniform distribution over [Q]

and C = {Ce;: [Q]Y — {True,False} | e € E,i € [Q]} and Ce (o) = False iff o(v) =i for all v € e.
A solution to @ is called a proper coloring for H.

To avoid confusion, k,d, A will only be referred to k(H),d(H), A(H). It is easy to see k(®) = k,
d(®) =Q-d, A(P) = Q- A, Q(®) = Q, and p(®) = Q.
Theorem 5.14. There exists a Las Vegas algorithm which takes as input a k-uniform hypergraph

H = (V,E) and an integer Q. If A = A(H) < Q(l/g_‘)@’k(l))k, then the algorithm outputs a perfect
uniform random proper coloring for H in expected time O (kA3Q4 log(Q)|V] 10g(Q|V|)).

Proof. For each v € V', we construct the state tensorization T, for (£, D,) = ([Q],U) as a complete
binary tree, i.e., T, has depth D = [log(Q)] and T, has 2’ nodes at level i for all 0 < i < [log(Q)].

Given the state tensorizations, we obtain the tensorized atomic CSP ®® = (Z, (2:,D.),c, ,C®)
for ® = ®(H, Q). By Definition 5.13 and Proposition 5.9 it suffices to obtain o ~ ,u%ﬁje.

Define R = [21log(Q)]. We construct the marking M for ®® by putting all internal nodes in
Ty of level at least R into M for each v € V. To apply Theorem 5.2 to (®®, M), we compute the
constants a, 3, A (See in Subsection 5.1) for (®©, M).

Fix any C® € C® and v € vbl(C). Assume path(c€,. (v), Ty) = {20, ..., 2} where 2,...,2 is
in the top-down order of 7,. Then ¢ € {D —2,D — 1} and zg,..., 2, € M. Since T, is a complete
binary tree, by (16) and the definition of D, in Definition 5.7, if £ > R then we have

¢

[ P (0Cre(z0)

i=R

1

= <9 W=R) £ o=(D-2-R) <« 4/1/3,
lleafs(zgr)| — =4/Q

9Tt is possible to get a better bound on k(®®) (for example k(®®) < k(®) - %) by analyzing the depth
of each 7,. This is because the construction of 7, is “balanced” and the support of D, has size |Q,| < Q(P) only.

However this only slightly improves the bound on the running time which is not our main focus.
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Thus .
a(@%, M, C%) < (4/Q'*). (17)
By Item (3) of Fact 5.8, A(®®) = A(®) = Q - A. Since (1 —z)~"/* < 4 holds for any z € (0,1/2],

we have

k
5 < 4e-(4/Q1/3)k.QA < 4% if e- (4/@1/3) . QA < L (18)
kD
Meanwhile )
- ® lleafs(zp)|  20-F+2  oD—R+l
[ P:ilofiele)) = =57 < —5— < =—5— < 8/@°

By Item (2) of Fact 5.8, k(®®) < k(®) - D = kD. Thus combining (18), we have
k
A@®, M, C®) < k?D?- 4 (8/@2/3> .

Therefore, it suffices to make sure

D-2>R, e- (4/@1/3>k LQA < %, and kD2 . 4. <8/Q2/3)k - (QA)? < 1/100.

Since D = [log(Q)] and R = [2log(Q)], it suffices to ensure

Q'® ' 1 _ A(1/3—00x(1)k
Q>5 and A§< 1 ) ‘4Oleog(Q)_Q( Qi(D)k,

Now we compute the running time. Note that the reduction to ®® and the construction of
M only take O(Q|V]) time. Since |Z| < Q|V], k(®®) = O(klog(Q)), and A(®®) = QA, by
Theorem 5.2 the algorithm runs in time O (kA3Q*log(Q)[V|1og(Q|V])). O

5.5 General Atomic Constraint Satisfaction Problem: Uniform Distribution

The analysis in Subsection 5.3 is purely a black-box reduction from large domains to binary do-
mains: the construction of the marking does not use the fact that the CSP after reduction is actually
a tensorized atomic CSP. Here we provide a unified construction for the state tensorizations and
the marking when the underlying distributions are the uniform distribution.

Let ® = (V,(Q,Dy) ey -C) be an atomic CSP such that [Q,| > 2 and D, is the uniform
distribution for all v € V. Our strategy is similar as before:

(1) Construct state tensorizations (7;),cy to obtain ®® = (Z, (Q2,D.),.,,C%) as the tensorized
atomic CSP for ®. We will make sure each €, is a binary domain, i.e., Q(®®) = 2, to apply
Theorem 5.2.

(2) Construct a marking M C Z to satisfy
e a(®®, M,C?) - -A(®®) <1 and A(®®)% A(®®, M,C®) <1/100 for all C® € C%,

where we recall a, 8, A from Subsection 5.1.

(3) Apply Theorem 5.2 to ®® and M. By Proposition 5.9, this provides a perfect uniform solution
to ® after performing Trans operation.
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For each C € C, define pc = [[,eppi(c) Dy(08, . (v) = [Toewbic) 12| 7". For each C% € €%, define

pee = [Lewico) Dz(a,g:?se(z)). To avoid confusion and by Item (3) of Fact 5.8, we will use A for
both A(®®) and A(®); use p for both p(®®) and p(®), and use pc for both pc and pes.

We construct the state tensorization 7, for each (€,,D,) in a random and independent way.
The marking M C Z will be constructed along with each 7,. This will be similar as Lemma 5.3:
(7o) ey and M are constructed with high success probability using Theorem 5.1.

Recall path(-,-) from Subsection 5.2 and z(-) from Definition 5.7. For each v € V and ¢ € §,,

define
X(v,q) = log ( 1T DZ(Z(Q))) :

z€path(g,To)NM

By Fact 5.6 and noticing D,, is uniform, we know

X(v,q) =log (|Q[™") —log ( 11 DZ(Z(q))) :

z€path(q,Ty)\M

Recall the definition of C® from Definition 5.7, then we have

log (a(®®, M,C®)) =log(pc) — Z X(v,08,.(v)) (20)
vevbl(C)

and B = B(®®, M) < (1 — e maxcecen (<I>®,M,C’®))_A. Then we also have
log (A(®7, M, C%)) <log (vbI(C®)|* - BHEN) 1 37 X (0, 0Fe(v)),
vevbl(C)

Let n,71,72,( € (0,1) be parameters to be determined later. We will ensure 1 —n — 7 > 0 and
n— 1o — 3¢ > 0. For each C € C, let Eél) be the event (i.e., constraint)

eV = | 3 X(v.08e(v) | —nlog(pc) < ~milog(1/pc) 7
vevbl(C)
and let Eg) be
e = | Y X(v,08e) | —nlog(pe) > mlog(1/pc) ™.
vevbl(C)

Now we check e - a(®®, M,C®) - A <1 and A% \(®®, M,C®) < 1/100 assuming no 5(01) or 5(02)
happens. Then firstly a(®®, M,C®) < p};—"_ﬁ < p'="=7. Since (1 — z)~Y/* < 4 holds for any
x € (0,1/2], we have

B< 4P A < (3/9)C i 2eln(2) - p! T A < (- In(3/2).

Note that 2eln(2) - p!=77™ - A < ( -In(3/2) already implies e - a(®®, M,C®) - A < 1.
Now we turn to A. Since 2¢ > (In(z) holds for any = > 0, we have In(1/pc) < pEC/C. Our
state tensorizations will have x(®®) < 2 (Recall x(-) from (11)), thus pc < (2/3)MI(C) and

2 . n—T2—C n—72—3C n—r2—3¢
© A O® @y[2 . ghble®)] n-n 07 (1/po) P PG P
M@, M, C%) < [ubl(CE)["- 5 ve s (CI*(3/2) T (I*(3/2) : 2In*(3/2)
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Therefore A% - \(®®, M, C®) < 1/100 is reduced to A% - p?~773¢ < 0.01 - ¢2 - In%(3/2).
In all, it suffices to make sure we can construct the state tensorizations and the marking to
avoid all Sél ) and Sg ) with the following additional conditions:

1_77_7—1207 77_7-2_3C207

21
2eIn(2) - p' ™" A < ¢ In(3/2), and AZ.p"T ™73 <0.01-¢2 - In%(3/2). 2D

We first consider the simple case where all domains are binary to verify Remark 5.5.

Lemma 5.15. Assume |Q,| = 2 for allv € V. If p°'™ . A < 1077, then ®® and M can be
constructed in time O(k(®) - A|V|) with success probability at least 0.99 such that Q(®%) = 2,
k(®®) =1, and

e a(®® M,C®?)-A<1 and A? XN®® M,C®) <1/100 for all C® € C®.

Proof. Here we simply let each 7, have one root with two child nodes. Then ®€ is essentially ®
itself. We put each variable into M with probability n independently. Then for each v € V and
q € ), we have

1 —1 with probability 7,
X(v,q>=1og<—>'[veM]= e
2 0  with probability 1 — 7.
Hence for any t € R, we have E [et'X(M)] =1—n+n-et. Note that pc = 27O Let t1,t5 > 0
be some parameters to be optimized soon. Then we have

Pr [Sél)] =Pr |—t;- Z X (v,08,6(v)) > (n 4 71) - t1 - [VbI(C)|
vevbl(C)

“Prepd —ti- S X(0,06m0) b > exp{(n+m) - WO}
vevbl(C)

<E |expg —t1- Z X (0,08, (v)) p | - e (T IMBIEN (hy Markov’s inequality)

vevbl(C)
¢ — ()0 \ VPO . .
= ((1 —n+mn-et).e 1 1) (since X (v, q)’s are independent for different v)
1—n— 1o\ VRIO)
_ 1—n T n e (setting ell — (1—7])(774-71))
= 9~ IVBIO) KLt milln) < pKLGrt7a[ln) (since 2~ MO = po < p)

where KL(allb) = alog ($) + (1 — a)log <%> is the Kullback-Leibler divergence. Similarly

Pr [5({?)] =Prlts: > X(0,08e(v) > —(n—72) -tz - WbI(C)|
vevbl(C)

vbI(C
< ((1—n+n~e‘t2) ~e(77_72)'t2)‘ «“
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_ N IWBIO)]
L—n 7o \TT L (1=m)(n=T2)
B <<1 —n+ 7-2> n— T2 (setting e~ = n-(1=n+72) )

< pKLr=72lln),

Let & = Sél ) v Sg ). Since each variable is put into M independently, £&- depends only on the
constructions over vbl(C') and thus correlates with at most A many & (including itself) and

Pr(£0] < 2. prin{KLotn ) KLG=72lm)}

To apply Theorem 5.1, it suffices to make sure

2e - pi{KLOrt 7). KLO=72lm} - A < 1. (22)

Combining (21) and (22), we can pick n, 71,72, ¢ satisfying 1 —n — 7 > 0,7 — 70 — 3¢ > 0; then let

n—Te—3¢

2= KL+ ) KL - )|

yzmin{l—n—ﬁ,

and all the conditions boil down to p? - A < 0.01- (.
Numerically maximizing ~, we have v = 0.175, together with n = 0.595, 71 = 0.23, 0 =
0.245 —3-1075, and ¢ = 107°. O

Now we proceed to the general case. Restricted by the binary case, we cannot hope for a
better bound than p®!7 . A < 1. Therefore our goal is to show this bound is obtainable using the
numerical constants 7, 71, 7, ( determined above.

Lemma 5.16. Assume [Q,| > 2 for allv € V. If p°1™ . A < 1077, then ®® and M can be
constructed in time O(k(®)Q(®P) - A|V|) with success probability at least 0.99 such that Q(®®) = 2,
k(®®) < 2, and

e a(®® M,C?)-A<1 and A? XN®® M,C®) <1/100 for all C® € C®.

Proof. Note that the choice of 1, 71,72, ¢ above and the assumption p®1™.A < 1077 already ensure
(21), which guarantees e - a(®%, M,C®)- A <1 and A% - \(®®, M,C®) < 1/100 for all C® € C®.
Thus in the following we only need to show how to construct the state tensorizations (and thus
®%) and the marking M so that Q(®%) = 2, k(®®) < 2, and no E,'él) or Sg) happens.

For each C' € C and integer m > 2, define S(C,m) = {v € vbl(C) ||| = m}. Then pc =
H:;O:% m~I15Cm) Let ¢,t5 > 0 be the constants used in the proof of Lemma 5.15, i.e.,

(A=) . (A0t )
t =1 (n-(l—n—n)> € [1.1659,1.1660] and ty =1 ((1—77)(77—72)) € [1.0035,1.0036] .

Our construction will satisfy the following proposition. We will provide its detail and proof
soon. The key part is Item (3) which intuitively says the simple binary case is actually the worst
case.

Proposition 5.17. For each v € V, the construction of the state tensorization T, and the marking
on internal nodes of T, is randomized and satisfies the following properties.

(1) For each v € V', the construction is independent and takes O(|Qy]) = O(Q(®P)) time.
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(2) Each possible Ty is a binary tree where %2323 < 2 (Recall W(-) from (16)) holds for any
internal node z € T, and {z1, z2} = childs(z).

(8) For eachv € V and q € Q,, we have

E [e—tl-X(v,q>—(n+n)-t1-1og<\m\>} < |Q | KETLIm)

and
E [etz'X(U,Q)Jr(n—fz)'tz~10g(|9v\)} < |Q [ KL=T2llm)

We first finish the proof assuming Proposition 5.17. Note that both Q(®®) = 2 and x(®%) < 2

follow from Item (2) of Proposition 5.17. Thus we focus on how to make sure no Eé) or 5(2)
happens. Similarly as in the proof of Lemma 5.16, we have

+oo
Pr [Sél)} =Pr |—t;- Z Z X(v,08,.(v) > (n+11) - Z |S(C,m)| - log(m)

m=2yeS(C,m) m=2

<E CXp § — Z Z U JFaIse )) (77+Tl Z|Scm)| log( )

m=2yeS(C,m) m=2

+oo
= H H E [e_tl'X(vaf%se(v))—(?ﬁﬁ)'tl'log(m)} (by Item (1) of Proposition 5.17)

m=2veS(C,m)
[e.e]
< H H m KL+ m) (by Item (3) of Proposition 5.17)
m=2yeS(C,m)
_ ng(TH‘ﬁ”n) < pKLOrtmlin), (since po = [, m~15(Cml)

We also have

400 oo
Pr [Sg)} =Pr |to- Z Z X(v,08,.(v) > —(n—12) - tg - Z |S(C,m)| - log(m)

m=2veS(C,m) m=2

< H H |: X vaFalse( ))+(n_72).t2.10g(m)1|

m=2yeS(C,m)
< pKL(W T2ln)

Let &c = Sg Y, 5(()2 ), By Item (1) of Proposition 5.17, the constructions are independent for each
variable. Therefore £~ depends only on the constructions over vbl(C) and thus correlates with at
most A many Ec (including itself) and

Pr [56'] <2. pmin{KL(n—i-Tl||eta),KL(n—72||7])} <2. p0.175'

By our assumption p®'™ . A < 1077, we apply Theorem 5.1 to find a construction of the state

tensorizations (and thus ®®) and the marking M to avoid all & = Sé) VES ) The running time

is O(k(®)A|V]) - O(Q(®)) where O(Q(P)) is from Item (1) of Proposition 5. 17 O

Putting everything together, we have the following corollary which justifies Remark 5.12.
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Corollary 5.18. There exists a Las Vegas algorithm which takes as input an atomic CSP ¢ =
(V, (20, Dy) ey ,C) such that the following holds.

If each D, is the uniform distribution and p®'™-A < 1077, then the algorithm outputs a perfect
uniform random solution of ® in expected time O (kA3Q*V|1log(Q|V])).

Proof. By fixing the variable which has domain size 1, we may safely assume [€,| > 2 for all v € V.

We keep using Lemma 5.16 to construct ®® = (Z, (202,D.),c, ,C®) and M until they satisfy
the conditions in Theorem 5.2. Then we run the algorithm in Theorem 5.2 to obtain a random
solution of ®® distributed perfectly as ,ug-ie. Then by Proposition 5.9, we perform Trans operation
to obtain g Tr"s ~ u%ue which is just a perfect uniform random solution of ®.

To check the running time, by Fact 5.8 we have A(®®) = A(®), p(®®) = p(®), k(®®) <
E(®)-Q(®)%, and |Z| < Q(®)|V|. Therefore by Lemma 5.16 and Theorem 5.2, it takes O(kQA|V)
time in expectation to construct ®® and M, and O (kA3Q?|V|log(Q|V])) time in expectation to
do the sampling. O

Before proving Proposition 5.17, we set up some technical lemmas.

Fact 5.19 (e.g., [Hoe94, Lemma 1 and Equation (4.16)]). Let X be an arbitrary random variable
with a < X < b almost surely. Let c = E[X]. Then for any t € R, we have
b—c

t-X L aat
E[e ]éb—a ¢ +b—a

C—a 4y ®=a)?¢?

et <e s et

Fact 5.20. Our choice of n, 11, 7o, t1,ts satisfies

log? (3)t1 < ( 1t — 7KLEZ;'(Z)”")> log(z) and log® (3)t2 < < to 7“52;(;2)”")) log(z) for all x > 8,

and

2 2 _
%1 < (Tltl — %@Hn)) log(z) and %2 < (Tgtg — %@M) log(x) for all x € {3,4,6,7},

and

log* (5/2) I < (Tltl B KLEZ;F(Z)M) log(z) and log? (5/2) 2 < (T2t2 B Kngg—(zz)lln)> log(z) for z = 5.
Proof. Since log(z) is an increasing function for x > 0, it only needs to verify the first two inequal-
ities at x = 8 and the middle two at = 3. Then all of them can be verified numerically. O

Now we give the proof of Proposition 5.17.

Proof of Proposition 5.17. Our construction will be independent for each v € V and depend only
on |Q,]. Ttem (1) (2) will be evident as we describe the construction.

Let N = |Q,| > 2. The simplest case N = 2 is essentially Lemma 5.15: 7, has one root with
two leaf nodes, and we put the root into M with probability 1. By the choice of t1,t2 (See the
calculation in Lemma 5.15), the two inequalities in Item (3) are actually equality.

With foresight, our construction for N > 3 will satisfy the following conditions.

(A) E[X(v,q)] =nlog(1/N) for each q € Q,.

20 Actually we can upper bound k(®%) by k(®) - O(log(Q(®))). This is because the state tensorizations here are all
“balanced” binary trees of depth O(log(Q(®))). However this only slightly improves the bound on the running time
which is not our main focus.
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(B) If N =5, then X (v,q) € [an,bn] always holds for all g € 2, where by — an < log(5/2).

(C) If N € {3,4,6,7}, then X(v,q) € [an,bn] always holds for all ¢ € Q, where by —ay < 1.

(D) If N > 8, then X(v,q) € [an,by] always holds for all ¢ € 0, where by — an < log(3).
Then we verify Item (3) given Item (A) (B) (C) (D) here:

E e—m-X(v,q>—(n+n)-tl-loguv)} —E [e—tr(X(v,q)—n1og(1/N>)—n~t1-log<N>}

2t2

< exp {% -7 -t -log(N)} (by Fact 5.19 and Item (A))

log(e)
(by Item (B) (C) (D) and Fact 5.20)

< exp { ~KL(y + mi|ly) - B} = KLl

and similarly

E et2.X(v,q)+(n—7-2).tg.log(N)] ) [etg-(X(v,q)—nlog(l/N))—Tg-tg-log(N)}

< exp {M — Ty -ty - log(N)} (by Fact 5.19 and Item (A))
< N—KtO=m2]n), (by Item (B) (C) (D) and Fact 5.20)
Now we give the construction for N > 3 and check Item (A) (B) (C) (D).

Let ps € [0,1] be a constant to be determined. The construction for N =5 is as follows.
e In Figure 3, we select the left tree with probability ps and the right with probability 1 — ps.
e After fixing the tree, we assign elements in €2, to the leaf nodes uniformly to obtain 7.

e Finally we put the internal nodes boxed by dashed squares into the marking M.

Figure 3: The construction for N = 5. Internal nodes boxed by dashed squares are put in M.

Recall X(v,q) = 3. cpatn(q,7,)nm 108(D=(2(q))) where z(q) € childs(z) is the child node of z
such that ¢ € leafs(z(q)). Since the leaf nodes are uniform, for any fixed ¢ € Q, we have

E [X (v, q) | the left tree] = (41log(2/5) + log(1/5)) /5 < nlog(1/5)

and
E [X (v, q) | the right tree] = (3log(1/3) + 2log(1/2)) /5 > nlog(1/5).

Thus we can easily set ps to make sure
E[X(v,q)] = ps - E[X (v, q) | the left tree] + (1 — ps) - E[X (v, q) | the right tree] = nlog(1/5),
which proves Item (A). As for Item (B), it suffices to observe

X (v, q) € {log(1/5),10g(1/3),l0g(2/5),log(1/2)} € [log(1/5),log(1/2)].
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‘N € {3,4,6, 7}‘ The construction for N € {3,4,6,7} is the same as N = 5 above except that

we now use Figure 4: we will mix the left and right trees to make sure E [X (v, ¢)] = nlog(1/N) as de-
manded by Item (A). To do so it suffices to check log(1/N) is sandwiched between E [ X (v, q) | the left tree]
and E [X (v, q) | the right tree].

(¢) The construction for N = 4. (d) The construction for N = 7.

Figure 4: The construction for N € {3,4,6,7}.

For N = 3 we use Figure 4a. Then X (v, q) € {log(1/3),log(2/3)} which proves Item (C). Also
E[X (v, q) | the left tree] = log(1/3) < nlog(1/3)

and
E [X (v, q) | the right tree] = (log(1/3) 4+ 21og(2/3)) /3 > nlog(1/3).

For N = 4 we use Figure 4c. Then X (v,q) € {log(1/2),log(1/4)} which proves Item (C). Also
E[X (v, q) | the left tree] = log(1/2) > nlog(1/4)

and
E [X (v, q) | the right tree] = log(1/4) < nlog(1/4).

For N = 6 we use Figure 4b. Then X (v, q) € {log(1/3),log(1/2)} which proves Item (C). Also
E [X (v, q) | the left tree] = log(1/3) < nlog(1/6)

and
E [X (v, q) | the right tree] = log(1/2) > nlog(1/6).

For N = 7 we use Figure 4d. Then X(v,q) € {log(2/7),log(3/7),log(1/4),log(1/3)} which
proves Item (C). Also

E[X (v, q) | the left tree] = (41log(2/7) 4+ 31log(3/7)) /7 > nlog(1/7)

and
E [X (v, q) | the right tree] = (4log(1/4) + 3log(1/3)) /7 < nlog(1/7).
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m For each € [N] define A(N,z) = |[N/z]-(x +1) — N and B(N,z) = N — |[N/z]| - x.
Let R = |[N'77]. The proof of the following technical result is deferred to Appendix A.
Fact 5.21. Ifx € {R—1,R,R+ 1}, then 1 <z < N and A(N,z), B(N,z) > 0.
For each x € {R—1,R, R+ 1} we have the following construction (See Figure 5 for an intu-
ition), the correctness of which is guaranteed by Fact 5.21.
o Let T1,..., Tav,z) (resp., Ta(Na)+15---» TA(N2)+B(N,z)) be balanced binary trees that each
has z (resp., « + 1) leaf nodes.?!

e Define distribution D, supported on {’7'1, . ,’7;1(]\;@)4_3(]\,@)} by setting

N } < A(N
(x+1)/N i> A(N,z).
Then construct a binary tree on top of {Tl, e 7TA(N,m)+B(N,m)} using Lemma 5.10 and D,.%?

e Assign elements in €, uniformly to A(N,z) -z + B(N,z)- (z+ 1) = N leaf nodes to get 7.
e Finally we put all the nodes on top of {71,... ,TA(N@)JFB(N@)} into the marking M.

U T2 TA(N,2)+B(N,z)

Figure 5: The construction for N > 8 and = € {R — 1, R, R+ 1}. Nodes inside the dashed square
are put in M.

Observe that for any fixed x € {R—1,R,R+ 1} and any q € €, the construction gives
X(v,q) € {log(z/N),log((z +1)/N)} and

E[X(0.q)|2] = A(N,x).xlog <£) N B(N,z)- (z+1) log <x+1> c [log <%) Tog <x+1>] .

N N N N N
Therefore
E[X(v,q) |z =R+ 1] >1log((R+1)/N) = log ((LNI_"J + 1) /N) > nlog(1/N)

and
E[X(v,q)|z = R—1] <log(R/N) = log ([N'""|/N) < nlog(1/N).

Now we have two cases:

2l'Here “balanced” simply means the sub-trees of sibling nodes have size difference at most 1. In particular, this
guarantees Item (2) of Proposition 5.17.

Note that k(D;) < (z + 1)/ < 2. By Item (2) of Lemma 5.10, Item (2) of Proposition 5.17 is still preserved.
Meanwhile, since A(N,z) + B(N,z) < N/xz = O(N"), this step takes O(N"log(N)) = O(N) time.
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e IfE[X(v,q)| x = R] > nlog(1/N)?3, we mix the construction of z = R—1 and = R to make
sure E [X (v, q)] = nlog(1/N) for Item (A). Then X (v,q) € {log (%) .log (£),log (&1}
which verifies Item (D) since R > 2.

e Otherwise, we mix the construction of x+ = R and z = R + 1 in the similar way. Then

X(v,q)

€ {log (%) ,log (%) ,log (%)} which also verifies Item (D). O
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A  Proof of Fact 5.21

Recall our setting: N > 8 is an integer, R = | N'~"] where n = 0.595, A(N,z) = |[N/z|-(x+1)—N,
and B(N,z) =N — |N/z| - x.

Fact (Fact 5.21 restated). Ifz € {R—1,R,R+ 1}, then 1 <x < N and A(N,z), B(N,z) > 0.

Proof. Since 1 < x < N is equivalent to 2 < R < N — 1, we only need to check

2= 81" <IN =R<N'""<VN<N-1

Also B(N,x) is always non-negative as | N/z| < N/x. Hence we focus on the A(N,z) > 0 part.

Since [t] >t — 1, we have

A(N,z) > <%—1>-(m+1)—N:g—$—l.

Since n > t is equivalent to n > |t 4 1] for all integer n, we have

Tl

AN, z) > P - ;UJ .
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Therefore if x < /N, then A(N,z) > 0. Since R = |[N'™"] < v/N, this shows A(N,R — 1) and
A(N, R) are all non-negative. Now we deal with A(N, R+1). Note that [N177| < N'=7 < /N -1
holds for all N > 18, thus R+1 < v/N and A(N,R+1) > 0 for all N > 18. Finally for 8 < N <17,
A(N,R+ 1) > 0 can be verified numerically. O
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